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Abstract. A prism is the product space ∆ × I where ∆ is a 2-simplex and

I is a closed interval. As an analogue of simplicial complexes, we introduce

prism complexes and show that every compact 3-manifold has a prism complex
structure. We call a prism complex special if each interior horizontal edge lies in

four prisms, each boundary horizontal edge lies in two prisms and no horizontal

face lies on the boundary. We give a criteria for existence of horizontal surfaces
in (possibly non-orientable) Seifert fiber spaces. Using this we show that a

compact 3-manifold admits a special prism complex structure if and only if it

is a Seifert fiber space with non-empty boundary, a Seifert fiber space with a
non-empty collection of surfaces in its exceptional set or a closed Seifert fiber

space with Euler number zero. So in particular, a compact 3-manifold with
boundary is a Seifert fiber space if and only if it has a special prism complex

structure.

1. Introduction

A closed 3-manifold M is called irreducible if every embedded 2-sphere in M
bounds a 3-ball. If M is reducible then there exist finitely many disjointly em-
bedded 2-spheres in M such that after cutting M along these spheres and capping
off the spherical boundaries with 3-balls, the closed manifolds obtained are either
irreducible or S2 × S1. These capped off pieces can be further decomposed along
a canonical collection of disjointly embedded tori into compact manifolds which
have three possibilities: they are either finitely covered by torus bundles, they are
Seifert fiber spaces with boundary or they have interiors which admit a complete
hyperbolic metric. Cube complexes give a nice discrete structure to study hyper-
bolic manifolds. Gromov gave a combinatorial criterion on cube complexes which
ensures that they have a CAT(0) metric. In this article we introduce prism com-
plexes as discrete structures to study Seifert fiber spaces. In particular we give a
combinatorial criterion on prism complexes to ensure that the underlying manifold
is in fact a Seifert fiber space.

A Seifert fiber space is a compact connected 3-manifold which admits a foliation
by circles. Let D = {(x, y) ∈ R2 : x2 + y2 ≤ 1} and let D+ = {(x, y) ∈ D : x ≥ 0}.
A regular fiber in a Seifert fiber space has a fibered neighbourhood fiber preservingly
homeomorphic to a fibered solid torus D× S1 or half solid torus D+ × S1 trivially
foliated by the leaves x × S1. Fibers which are not regular are called exceptional.
Exceptional fibers in the interior of the manifold that are isolated have fibered
solid torus neighbourhoods fiber preservingly homeomorphic to the flow of the
mapping torus of D via a monodromy that is a rational rotation. Exceptional
fibers in the interior of the manifold which are not isolated have fibered solid Klein
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bottle neighbourhoods fiber preservingly homeomorphic to the flow of the mapping
torus of D via the reflection monodromy r(x, y) = (x,−y). Exceptional fibers
on the boundary of the manifold are not isolated. They have a fibered half solid
Klein bottle neighbourhood fiber preservingly homeomorphic to the flow of the
mapping torus of D+ via the reflection monodromy r(x, y) = (x,−y). All of these
fiber-preserving homeomorphisms take the exceptional fiber to the fiber above 0 ∈
D (or 0 ∈ D+). The connected components of the set of exceptional fibers are
therefore circles, annuli, tori or Klein bottles. We denote by SE(M) the collection
of annuli, tori and Klein bottle components of the exceptional set. When M is
orientable, SE(M) = ∅. When M is closed we denote by e(M) the Euler number
of the manifold. A good reference for Seifert fiber spaces is the survey paper by
Scott[Sco83] and the preprint of a book by Hatcher[Hat].

A prism is the product space ∆ × I where ∆ is a 2-simplex and I a closed
interval. We call the edges of ∂∆ × ∂I horizontal and the rest of the edges of the
prism we call vertical. Similarly, we call the faces in ∆× ∂I horizontal and faces in
∂∆×I vertical. A prism complex is a 3-dimensional cell complex in which each cell
is a prism, the attaching maps are combinatorial isomorphisms and furthermore,
horizontal edges are identified only with horizontal edges. We call a prism complex
special if each horizontal edge in the interior of the complex lies in four prisms,
each boundary horizontal edge lies in two prisms and no horizontal face lies on the
boundary of the complex.

We prove in this paper that a special prism complex can be thought of as a
discrete version of the local fibration of a Seifert fiber space:

Theorem 1.1. Every compact 3-manifold M admits a prism complex structure.
Moreover, it admits a special prism complex structure if and only if it is a Seifert
fiber space with ∂M 6= ∅ or SE(M) 6= ∅ or e(M) = 0.

So in particular, if M is a compact 3-manifold with boundary, then it admits a
special prism complex structure if and only if it is a Seifert fiber space.

Most of the literature on Seifert fiber spaces deals only with oriented Seifert
fiber spaces with the corresponding results for non-oriented spaces being folklore.
To prove our result for all Seifert fiber spaces, we explicitly give a general criteria
for existence of horizontal surfaces. A horizontal surface in a Seifert fiber space M
is an embedded surface that is transverse to all the circle fibers of M .

Theorem 1.2. Let M be a Seifert fiber space.

(1) When ∂M 6= ∅ or SE(M) 6= ∅ then horizontal surfaces exist in M .
(2) When ∂M = ∅ and SE(M) = ∅ then horizontal surfaces exist if and only

if e(M) = 0.

2. Seifert fiber spaces

This section deals with the construction of Seifert fiber spaces and a proof of The-
orem 1.2. A complete combinatorial description for Seifert fiber spaces, which in-
cludes the non-oriented spaces, is explained in detail by Cattabriga et al[CMMN20]:

Theorem 2.1 (Theorem A of [CMMN20]). Every Seifert fiber space is uniquely
determined, up to fiber-preserving homeomorphism, by the normalised set of param-
eters {b; (ε, g, (t, k)); (h1, ..., hm+

| k1, ..., km−); ((p1, q1), ..., (pr, qr))}.
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Figure 1. Different representations of the same fibered Mobius
strip N with exceptional fiber f and a horizontal arc a

See Section 2 of [CMMN20] for a description of the parameters in the above
theorem and for an explicit construction of a Seifert fiber space with the above
parameters. We give below an outline of the construction:

Construction of Seifert fiber space M with given parameters: Let B∗ be a com-
pact connected surface of genus g with m+ + m− + (r + 1) + t boundary com-
ponents. B∗ is orientable if ε = o, o1 or o2 and non-orientable otherwise (i.e. if
ε = n, n1, n2, n3, n4). Consider B∗ as a disk D∗ with disjoint arcs σi, σ

′
i on the

boundary identified. As D∗ is contractible, a circle bundle over D∗ is necessarily
the trivial bundle D∗ × S1. Any circle bundle p : M∗ → B∗ is then obtained from
D∗ × S1 by identifying the disjoint annuli p−1(σi) and p−1(σ′i) fiber preservingly.
As any homeomorphism of a circle is isotopic to the identity or the reflection map
so we may assume that these annuli are identified by the identity or reflection map
along the fibers. This pairwise identification is determined by the symbols for ε and
such that M∗ ends up with (r+ 1) + (t− k) +m+ torus boundary components and
k+m− Klein bottle boundary components. As both the identity and the reflection
map on S1 have a fixed point, so we can identify B∗ with a fixed section of this
circle bundle. We now obtain M from M∗ via the following steps:

Step 1: Let Ti denote the torus boundary components of M∗. On each such
boundary component define the meridian µi as the curve Ti ∩ ∂B∗ and choose a
regular boundary fiber of Ti as the longitude λi. Let Vi be solid tori. Define the
meridian on ∂Vi as the unique curve (up to isotopy) that bound a disk in Vi. By a
Dehn filling of Ti by Vi along the slope qi/pi we mean the attachment of Vi to M∗

via a homeomorphism from ∂Vi to Ti that sends the meridian of Vi to the curve
piµi+qiλi. Put (pr+1, qr+1) = (1, b). As the first step in our construction, we Dehn
fill the first r + 1 torus boundary components Ti with solid tori Vi along the given
slopes qi/pi. Let M ′ be the manifold thus obtained.

Step 2: Let N = I × I/(x, 0) ∼ (1 − x, 1) be a mobius strip foliated by the
circles (x × I) ∪ ((1 − x) × I)/ ∼ as in Figure 1(i). Let φi : S1 × ∂N → Ti be the
homeomorphism sending t × ∂N to µi(t) × S1 in Ti. It is helpful to consider the
model of N with the boundary on one side as in Figure 1(ii) (which can be obtained
from the model in Figure 1(i) by cutting along the fiber f , flipping one of the pieces
and reattaching along the segment with the double arrows). As a second step in
our construction we attach S1 ×N to the next (t− k) torus boundary components
Ti via the attaching map φi. We call this process capping off Ti via S1 ×N .
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Figure 2. M = I×N depicted as a cube [0, 1]× [0, 1
2 ]× [0, 1] with

the top and bottom faces B identified and the two halves C of a
vertical faces identified. On the annulus A is shown the curves Γ
and w(Γ), and in the interior of the cube is the rectangle RΓ.

Step 3: In each torus Ti of the remaining m+ torus boundary components let

{γj}hi
j=1 be hi many disjoint arcs in µi. Let ψ(i,j) : I × ∂N → p−1(γj) ⊂ Ti be

the homeomorphism sending t × ∂N to γj(t) × S1 in Ti. In this step we attach a
copy of (I ×N) to each p−1(γj) ⊂ Ti via the attaching homeomorphism ψ(i,j). So
if hi > 0, then the torus boundary Ti of M ′ is replaced by hi many Klein bottle
boundary components.

Step 4 Let Ki denote the Klein bottle boundary components of M ′. We express
Ki as a twisted product S1×̃S1 = I × S1/ ∼ where (0, z) ∼ (1,−z) with B∗ ∩Ki

the curve µi(t) = (t, eπit). Let S1×̃N denote the twisted product I ×N/ ∼ where
(0, (x, y)) ∼ (1, (1−x, 1−y)) with N = I×I/(x, 0) ∼ (1−x, 1). Let φ′i : S1×̃∂N →
Ki be the homeomorphism sending t × ∂N to the fiber above µi(t) in Ki. In this
step, we cap off the first k Klein bottle boundary components of M ′ by S1×̃N via
the attaching map φ′i.

Step 5 In each Klein bottle Ki of the remaining m− Klein bottle boundary

components let {γ′j}
ki
j=1 be ki many disjoint arcs in µi. Let ψ′(i,j) : I × ∂N →

p−1(γ′j) ⊂ Ki be the homeomorphism sending t × ∂N to the fiber above γ′j(t) in

Ki. In this final step, we attach a copy of (I × N) to each p−1(γ′j) ⊂ Ki via the
attaching homeomorphism ψ′(i,j) to obtain M . If ki > 0, then the Klein bottle

boundary Ki of M ′ is replaced by ki many Klein bottle boundary components.
The manifold M is closed if and only if m+ +m− = 0 and oriented if and only

if ε = o1 or n2, m− = t = 0 and hi = 0 for all i = 1, ...,m+. For a closed Seifert
fiber space, the Euler number of the fibering is given by e(M) =

∑r
i=1

qi
pi

+ b.

Let N be a Mobius strip foliated by circles with one exceptional fiber f as in
Figure 1. We give a sufficient condition below on when a set of curves on the
boundary of S1×N or S1×̃N bound a horizontal surface. Recall that a horizontal
surface is an embedded surface that is transversal to all the fibers of M . Keep
Figure 2 as reference for Lemma 2.2.
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Lemma 2.2. Let N = [0, 1
2 ] × S1/ ∼ with ( 1

2 , z) ∼ ( 1
2 ,−z) be a Mobius strip

foliated by the circles t × S1 with one exceptional fiber 1
2 × S

1 as in Figure 1(ii).

Let M = I × N be foliated by the fibers s × t × S1 for s ∈ I, t ∈ [0, 1
2 ], with an

exceptional annulus I × 1
2 ×S

1. Let Γ be a properly embedded arc in A = I ×∂N =

I × 0 × S1 which intersects each fiber s × ∂N = s × 0 × S1 transversely. Γ has a
parametrisation Γ(s) = (s, 0, γ(s)), for some arc γ : I → S1. Let ω : A→ A be the
map (s, 0, z) → (s, 0,−z). Then there exists a horizontal rectangle RΓ in M such
that RΓ∩A = Γ∪ω(Γ) and for j = 0, 1, RΓ∩(j×N) = j×[0, 1

2 ]×(γ(j)∪−γ(j))/ ∼.
Furthermore if Γ′ is another properly embedded arc in A disjoint from (Γ ∪ ω(Γ))
then RΓ is disjoint from RΓ′ .

Proof. As the arc Γ is transverse to the foliation s × 0 × S1 of A = I × 0 × S1

so it intersects each fiber exactly once. We can therefore parametrise the arc as
Γ(s) = (s, 0, γ(s)) for some arc γ : I → S1. Define the embedding rΓ : I × I → M
as follows:

rΓ(s, t) =

{
(s, t, γ(s)) if t ∈ [0, 1

2 ]
(s, 1− t,−γ(s)) if t ∈ [ 1

2 , 1]

Let RΓ be the image of rΓ. Then RΓ ∩ A is rΓ(I × 0) ∪ rΓ(I × 1) = Γ ∪ ω(Γ).
And for j = 0, 1, RΓ ∩ (j × N) = rΓ(j × I) = (j × I × γ(j)) ∪ (j × I × −γ(j)).
If Γ′(s) = (s, 0, γ′(s)) is disjoint from Γ ∪ ω(Γ) then for any s ∈ I, γ′(s) 6= ±γ(s).
Hence the images of rΓ and rΓ′ are disjoint as required.

�

Lemma 2.3. Let M1 = S1 × N and let M2 = S1×̃N = I × [0, 1
2 ] × S1/ ∼ with

(0, t, z) ∼ (1, t, z̄) and (s, 1
2 , z) ∼ (s, 1

2 ,−z), for s ∈ I, t ∈ [0, 1
2 ], z ∈ S1. Take their

foliation by the circles s × t × S1 which has an exceptional torus S1 × 1
2 × S

1 in

M1 and exceptional Klein bottle I × 1
2 × S

1/ ∼ in M2. For i = 1, 2, let Λi be a
simple closed curve on ∂Mi which intersects each fiber s × ∂N transversely. Let
ω : ∂Mi → ∂Mi be the map (s, z) → (s,−z) (as −z̄ = (−z) so ω is well-defined
on ∂M2). Then there exists a horizontal annulus or horizontal Mobius strip RΛi in
Mi such that RΛi

∩ ∂Mi = Λi ∪ ω(Λi). Furthermore if Λ′i is another simple closed
curve in ∂Mi disjoint from Λi ∪ ω(Λi) then RΛi

is disjoint from RΛ′i
.

Proof. Let M = I × N = I × [0, 1
2 ] × S1/(s, 1

2 , z) ∼ (s, 1
2 ,−z) as in Figure 2. Let

M1 = S1×N = I× [0, 1
2 ]×S1/ ∼ where (s, 1

2 , z) ∼ (s, 1
2 ,−z) and (0, t, z) ∼ (1, t, z).

There exists a quotient map q : M → M1 such that q(1, t, z) = q(0, t, z). In
particular, q(1, 0, z) = q(0, 0, w) if and only if z = w.

The preimage q−1(Λ1) of Λ1 is a disjoint collection of properly embedded arcs
{Γi}ki=0 in A = I × 0 × S1 transverse to the fibers s × 0 × S1. There exists a
parametrisation Γi(s) = (s, 0, γi(s)) with γi : I → S1. Furthermore, q(Γi(1)) =
q(1, 0, γi(1)) = q(0, 0, γi+1(0)) = Γi+1(0) (taking i modulo k + 1). So in particular,
γi(1) = γi+1(0) in S1. And therefore q(1, t, γi(1)) = q(0, t, γi+1(0)) (i mod k + 1).

By Lemma 2.2 there exist horizontal rectangles Ri in M such that Ri ∩ A =
Γi ∪ ω(Γi) and for j = 0, 1, Ri ∩ (j × N) = j × I × (γi(j) ∪ −γi(j)). Let
RΛ1

= ∪ki=0q(Ri) in M1. As q(A) = ∂M1 and q(∪ki=0(Γi ∪ ω(Γi))) = Λ1 ∪ ω(Λ1)
so RΛ1 ∩ ∂M1 = Λ1 ∪ ω(Λ1). As q(1, t, γi(1)) = q(0, t, γi+1(0)), so q(Ri ∩ 1×N) =
q(Ri+1 ∩ 0×N) (i mod k + 1). Hence the edges of q(Ri) that lie on the boundary
of M1 match up to give the horizontal annulus RΛ1

.
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Similarly, M2 = S1×̃N = I × [0, 1
2 ] × S1/ ∼ where (s, 1

2 , z) ∼ (s, 1
2 ,−z) and

(0, t, z) ∼ (1, t, z̄). Let q : M →M2 be the quotient map so that q(0, t, z) = q(1, t, z̄).
In particular, q(0, 0, z) = q(1, 0, w) if and only if z = w̄. Let q−1(Λ2) be a disjoint
collection of properly embedded arcs {Γi}ki=0 in A with a parametrisation Γi(s) =
(s, 0, γi(s)). Furthermore, q(Γi(1)) = q(1, 0, γi(1)) = q(0, 0, γi+1(0)) = q(Γi+1(0))

(taking i modulo k + 1). So in particular, γi(1) = γi+1(0) in S1. And therefore
q(1, t, γi(1)) = q(0, t, γi+1(0)) (i mod k + 1). Finally using Lemma 2.2 as above,
there exists a horizontal annulus or horizontal Mobius strip RΛ2 in M2 such that
∂RΛ2

= Λ2 ∪ ω(Λ2) (note that RΛ2
is a Mobius strip when ω(Λ2) = Λ2). �

Lemma 2.4. Let n be an even positive number and let θ0 = 2π/n. Let w = eiθ0/2

and let P (n) = {wemiθ0 : m ∈ Z} = {w,weiθ0 , we2iθ0 , ..., we(n−1)iθ0}. Let ρ : S1 →
S1 be the reflection map z → z̄ and let ω : S1 → S1 be the antipodal map z → −z.
Then ρ(P (n)) = P (n) and ω(P (n)) = P (n).

Proof. As eniθ0 = 1, so points in P (n) are of the form wemiθ0 = e(m+1/2)iθ0 for m ∈
Z. In particular ρ(e(m+1/2)iθ0) = e−(m+1/2)iθ0 = e((−m−1)+1/2)iθ0 , so ρ(P (n)) =
P (n). And mθ0 + π = mθ0 + nθ0/2 = (m + n/2)θ0. So −wemiθ0 = wemiθ0+iπ =
we(m+n/2)iθ0 ∈ P (n) as n is even. Therefore ω(P (n)) = P (n). �

Lemma 2.5. Let 0 < q < p be coprime integers, and let n = kp be an even number.
Let T be a torus S1×S1 ⊂ C×C with meridian µ = S1×1 and longitude λ = 1×S1.
Fix a point z0 ∈ S1 different from 1. Let α : I → S1 and β : I → S1 be the arcs in
anti-clockwise direction from 1 to z0 and from z0 to 1 respectively. There exists a set
of k pairwise disjoint curves Λ of slope q/p such that Λ∩ (β(s)×S1) = β(s)×P (n)
and Λ ∩ (α(s)× S1) = α(s)× e2πqsi/pP (n).

Proof. Let A(s) = α(s)× e2πqsi/pP (n) and let B(s) = β(s)× P (n). Let θ0 = 2π/n
as in Lemma 2.4. Then A(0) = 1 × P (n) = B(1) and A(1) = z0 × e2πiq/pP (n) =
z0 × ekqiθ0P (n) = z0 × P (n) = B(0). So Λ = A ∪ B is a union of pairwise disjoint
curves in T .

Both λ and µ intersect Λ transversely with the same sign at every intersection,
so the slope of a curve in Λ is given by taking the ratio |Λ ∩ µ|/|Λ ∩ λ|. To see
that the slope of these curves is q/p we shall collapse β × S1 to 1× S1 so that the
annulus α× S1 becomes a torus T ′ and Λ goes to curves of slope q/p in T ′.

Let z0 = eiϕ and let f : T → T ′ be the quotient map defined as follows:

f(z, w) =

{
(z2π/ϕ, w) if z ∈ α
(1, w) if z ∈ β

As f(A(0)) = f(A(1)) = 1× P (n) so f(A) is a pairwise disjoint set of curves in T ′

parametrised by s→ (ei(2πs), ei(2πs)q/pP (n)) for s ∈ I. Their lifts in R2 are parallel
straight lines with slope q/p, so the curves in f(A) have slope q/p as required.
Let λ′ = f(λ) and let µ′ = f(µ). Then the slope of f(Λ) = f(A) is given by
|f(Λ) ∩ µ′|/|f(Λ) ∩ λ′| = q/p.

Note that f takes both λ = 1 × S1 and z0 × S1 to 1 × S1 homeomorphically.
Furthermore, Λ∩λ = Λ∩ (z0×S1) = P (n). So |f(Λ)∩f(λ)| = |f(Λ∩λ)| = |Λ∩λ|.
As µ is disjoint from B, so Λ ∩ µ = A ∩ µ ⊂ α(0, 1) × S1. As f restricted to
α(0, 1)×S1 is a homeomorphism onto its image and f(Λ) = f(A) so |f(Λ)∩f(µ)| =
|f(A)∩ f(α(0, 1)× 0)| = |A∩ (α(0, 1)× 0)| = |A∩µ| = |Λ∩µ|. Therefore the slope
of curves in Λ, is |Λ∩ µ|/|Λ∩ λ| = q/p as required. Also as |Λ∩ λ| = |P (n)| = n so
there are n/p = k curves in Λ as required.



PRISM COMPLEXES 7

�

The criteria for existence of horizontal surfaces in orientable Seifert fiber spaces
is well known. We extend this criteria to all Seifert fiber spaces.

Proof of Theorem 1.2. To construct the manifold M we proceed as explained in the
construction of Seifert fiber spaces with the given parameters at the beginning of
this section. Let D be a 2-disk and let {σi, σ′i} be a collection of pairwise disjoint
embedded arcs in ∂D. Let φi : σi(I) → σ′i(I) be a homeomorphism that is either
σi(s) → σ′i(s) for all s ∈ I or σi(s) → σ′i(1 − s) for all s ∈ I. Let ψi : S1 → S1 be
either the identity map z → z or the conjugation map z → z̄ for all z ∈ S1 ⊂ C.
The number of such arcs σi, σ

′
i and the choice of φi and ψi is determined by the

parameters. See Section 2 of [CMMN20] for details.
Let D × S1 be a solid torus foliated by the circle leaves x × S1. Let M∗ =

D× S1/ ∼ where (σi(s), z) ∼ (φi(σi(s)), ψi(z)), i.e., M∗ is obtained from the solid
torus D × S1 by identifying the annuli σi(I) × S1 with σ′i(I) × S1 via the maps
φi × ψi. As φi and ψi send leaves of D × S1 to leaves of D × S1 so they induce
a foliation of M∗ by circle leaves. As ψi(1) = 1 for all i, so let B∗ = D × 1/ ∼
be the surface obtained by identifying the arcs σi × 1 with σ′i × 1 via the map φi.
By construction, B∗ intersects each leaf exactly once. Let f : M∗ → B∗ be the
projection map which collapses each circle leaf of M∗ to a point. This gives a circle
bundle structure on M∗.

The manifold M is now obtained from the circle bundle M∗ as follows: First
Dehn fill r + 1 torus boundary components Ti to obtain the manifold M ′, as de-
scribed in Step 1 of the construction. Then cap off some torus boundary components
of M ′ by S1 × N and some Klein bottle boundary components of M ′ by S1×̃N
as explained in Step 2 and Step 4 of the construction. And lastly attach copies of
I ×N along its boundary to disjoint fibered annuli I ×S1 in some of the boundary
components of M ′, as detailed in Steps 3 and 5 of the construction.

Case I: ∂M 6= ∅. Let (pr+1, qr+1) = (1, b) and let n = 2p1...pr+1. Our aim
is to construct a horizontal surface S which intersects each regular fiber of M n
times.

Constructing horizontal surface S∗ in M∗: As ∂M 6= ∅, there exists an arc d
in B∗ ∩ ∂M . Let P (n) be the set of points ei(m+1/2)2π/n in S1 for m ∈ Z, as in
Lemma 2.4. Let D = D×P (n) ⊂ D×S1. By Lemma 2.4, ψi(P (n)) = P (n) for all
i, so the arcs σi×P (n) ⊂ ∂D are identified with the arcs σ′i×P (n) ⊂ ∂D to give a
horizontal surface in M∗ that we denote by S∗. The map f : S∗ → B∗ is an n-to-1
covering projection.

Constructing horizontal surface S′ in M ′: Let c1, ..., cr+1 be the r+1 boundary
components of B∗ whose preimages Tj = f−1(cj) are tori which are Dehn filled
by solid tori Vj . Let β1, ..., βr+1 be disjoint arcs in B∗ with both end points on
d which cut out from d disjoint arcs αj . Furthermore, they cut out from B∗

annuli with disjoint interiors and with boundary curves αj ∪ βj and cj . Let B0

be the component of B∗ outside of all these annuli (i.e, B0 is disjoint from all
the cj). Let M0 = p−1(B0) be its pre-image in M∗. Let T ′j = f−1(αj ∪ βj)
be a torus parallel to Tj = f−1(cj). As in Lemma 2.5 let Λj be a set of n/pj
pairwise disjoint curves of slope qj/pj in T ′i such that Λj ∩ f−1(βj) = βj × P (n)

and Λj ∩ f−1(αj(s)) = αj(s) × e2πis(qj/pj)P (n). In Step 1 of our construction,
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B0
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c1

α1

T1

T ′1
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β1

Figure 3. A piece of the section B∗ in M∗ where T1 is the torus
boundary above c1, T ′1 is the parallel torus above α1 ∪ β1 and the
dotted curve on T ′ represents the surgery slope 1

2 .

we obtained M ′ by Dehn filling M∗ along the slopes qj/pj of Tj . We can instead
construct M ′ by attaching the meridians of the solid tori Vj to T ′j along the curves
in Λj . See Figure 3.

Let S0 = M0 ∩ S∗ be a horizontal surface in M0 which intersects each fiber
f−1(b) of the circle bundle f : M0 → B0 in b × P (n). In particular, S0 intersects
each annulus f−1(βi) in βi × P (n).

Let Di be a union of n/pj disjoint meridian disks in the solid torus Vj . To
construct M ′ from M0 we attach Vj to M0 along f−1(βj) by homeomorphisms hj
from ∂Vj to T ′j that send ∂Dj to Λj . As S0∩f−1(βj) = βj×P (n) = hj(Dj)∩f−1(βj)
so S′ = S0 ∪hj(Dj) is a horizontal surface in M ′. Let F be a boundary component
of M ′ and let η be a fiber of F . If η is a fiber over a point in some αj then S′ ∩ η =
eiθP (n) for some angle θ. By Lemma 2.4, ω(eiθP (n)) = eiθω(P (n)) = eiθP (n). If
η is not a fiber over a point in some αj , then η ∩ S′ = P (n). So in either case
ω(S′ ∩ η) = S′ ∩ η.

Extending S′ to a horizontal surface S in M : Let F be a boundary component
of M ′ that is capped off by S1 × N (or S1×̃N) as in Step 2 (or Step 4) of the
construction of Seifert fiber spaces with given parameters. Let Γ be the disjoint
union of curves Γ = S′ ∩ F . For each fiber η of F , ω(Γ ∩ η) = Γ ∩ η and so by
Lemma 2.3, there exists a horizontal surface AF in S1×N (or in S1×̃N) such that
AF ∩ F = Γ.

Let γ be an arc in ∂B∗ disjoint from all the αi and ci. Assume that we need to
attach a copy of I × ∂N along f−1(γ) as in Step 3 or Step 5 of the construction of
Seifert fiber spaces with given parameters. Then S′∩f−1(γ) = γ×P (n). By Lemma
2.2, there exists a horizontal surface Aγ in I×N such that Aγ∩f−1(γ) = γ×P (n).

We can therefore extend the surface S′ to S = S′ ∪F AF ∪γ Aγ where F varies

over all boundary surfaces of M ′ which are capped off by an S1 × N or S1×̃N
and γ varies over all arcs in ∂B∗ such that an I × N is attached to f−1(γ). By
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construction if η is a fiber of ∂M then ω(S ∩ η) = S ∩ η.

Case II: ∂M = ∅ and SE(M) 6= ∅. If SE(M) has an annulus then ∂M 6= ∅, as
such annuli can only be obtained as the exceptional set of an I × N attached to
∂M ′. So we may assume that SE(M) only has torus and Klein bottle components.
These are obtained as the exceptional sets of S1 × N or S1×̃N attached to M ′

along boundary components.
Assume that SE(M) has a torus exceptional set obtained by attaching P =

S1×N along a torus boundary component T of M ′. Let W = M \ int(P ). As W is
a Seifert fiber space with boundary T so by Case I, W contains a horizontal surface
SW . Furthermore for each fiber η of T , ω(SW ∩ η) = SW ∩ η. So by Lemma 2.3,
there exists a horizontal surface AP in P such that AP ∩ T = SW ∩ T . Suppose
SE(M) has a Klein bottle exceptional set which lies in Q = S1×̃N attached to a
Klein bottle boundary component K of M ′. Proceeding similarly, we get a horizon-
tal surface AQ in Q such that AQ ∩K = SW ∩K. Therefore either S = SW ∪T AP
or S = SW ∪K AQ is the required horizontal surface in M .

Case III: Suppose ∂M = ∅ and SE(M) = ∅. The proof here is identical to the
closed orientable case (see Pg 26-27 of [Hat]). We reproduce here the details for
completion. Remove a solid torus neighbourhood V of a regular fiber of M to get a
manifold W with a torus boundary component T . Proceed as in Case I, to obtain
a horizontal surface SW . It is now enough to show that SW intersects T in curves
of slope e(M) =

∑r+1
i=1 qi/pi: If e(M) = 0, we can extend the horizontal surface SW

to a horizontal surface on all of M by attaching meridian disks of the solid torus V
that we Dehn fill in at T with slope zero. Conversely, given a horizontal surface S
in M , the intersection of S with T bounds disks in V and hence must have slope
zero, so e(M) = 0.

Claim: Slope of S ∩ T is e(M). As S is horizontal it meets each fiber of M0 the
same number of times, say n times. Intersections of S with B0 on the boundary we
count with sign according to whether the slope of ∂S at such an intersection point
is positive or negative. The signed total number of intersections we get is zero as
points at the end of an arc of S ∩ B0 have opposite sign. The slope of S on the
torus boundary containing ci is by definition the ratio of the signed intersection
with ∂B0 and the signed intersection with a regular fiber. As this slope is qi/pi, it
gives the signed intersection of S with B0 on ci as n(qi/pi) for i = 1...(r + 1). So

the slope of S ∩ T is (
∑r+1
i=1 nqi/pi)/n =

∑r
i=1 qi/pi + b = e(M).

�

The below Corollary 2.6 now follows from standard arguments for horizontal
surfaces (see the discussion on Pg 17-18 of [Hat]):

Corollary 2.6. Let M be a compact 3-manifold and let F be a compact 2-sided
surface properly embedded in M . The following are equivalent:

(1) M is a Seifert fiber space and F is a horizontal surface in M that intersects
each regular fiber of M n times.

(2) At least one of the following is true:
(a) There exists a homeomorphism φ of F such that M = F ×I/ ∼, where

(x, 1) ∼ (φ(x), 0) for all x ∈ F . Furthermore φn = id.
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(b) There exist homeomorphisms ψ0 and ψ1 of F such that M = F ×
I/ ∼, where (x, 0) ∼ (ψ0(x), 0) and (x, 1) ∼ (ψ1(x), 1). Furthermore,
n is even, (ψ0ψ1)n/2 = id and both ψ0 and ψ1 are fixed-point free
involutions.

Proof. Let M be a Seifert fiber space and let F be an embedded 2-sided horizontal
surface in M that intersects each regular fiber n times. Each fiber of M has a fibered
neighbourhood fiber-preserving homeomorphic to the fibered solid torus D × I/ ∼
where (x, 1) ∼ (h(x), 0) for some homeomorphism h of D. So M \F is an I-bundle.
Let p : M \ F → G be the I-bundle projection, with G the base surface. As F
is 2-sided, the associated ∂I-subbundle is two copies of F . Let N(F ) denote the
tubular neighbourhood of F . Then p : ∂(M \N(F )) = F t F → G is a 2-sheeted
covering projection.

If M \ F is connected then G is connected and the covering map p : F ∪ F → G
is the identity on each copy of F . So M \ F = F × I and hence M = F × I/φ for
some homeomorphism φ : F → F . Let x ∈ F and let ηx be the fiber above x. As
F × 1

2 intersects ηx n times, so ηx is divided by F into n segments with end points

(φi(x), 1
2 ) and (φi+1(x), 1

2 ). So in particular, φn(x) = x as required.
If M \F is disconnected then each of the two components of M \F are I-bundles

with a copy of F as the associated ∂I-subbundle. The base surface G has two
components G0 and G1 and the projection map restricted to each copy of F is a 2-
sheeted cover pi : F → Gi for i = 0, 1. Let ψi : F×i→ F×i be the non-trivial deck
transformation corresponding to pi. As the group of deck transformations is Z2 so
ψ2
i = id. As F is 2-sided, by thickening F to F ×I and collapsing the two I bundles

along the fibers, we get M = F × I/ψi as required. Let x ∈ F and let ηx be the
fiber above x. As before, F × 1

2 intersects ηx n times so ηx is divided by F × 1
2 into

n segments along the points (x, 1
2 ), (ψ1(x), 1

2 ), (ψ0ψ1(x), 1
2 ), (ψ1ψ0ψ1(x), 1

2 ), ....,

(ψ1(ψ0ψ1)(n/2)−1(x), 1
2 ). In particular, n is even and (ψ0ψ1)n/2(x) = x as required.

As ψi is a non-trivial deck transformation so it is fixed-point free.
Conversely, let M = F × I/φ be a surface bundle with periodic monodromy φ of

period n. F ×I is foliated by the leaves x×I for x ∈ F . For each x ∈ F , let Ux be a
neighbourhood of x in F homeomorphic to R2. Then Ux× [0, 1

2 )∪(φ(Ux)×( 1
2 , 1]) is

a fibered neighbourhood fiber-wise homeomorphic to R2×R with the leaves x×R.
Therefore, the leaves x × I/φ give a foliation of M with 1-dimensional leaves. As
φn(x) = x, so each leaf ∪∞i=0(φi(x)× I) is a circle.

Similarly, assumeM = F×I/ψi with ψi fixed-point free, ψ2
i = id and (ψ0ψ1)n/2 =

id. As ψi is fixed-point free, for each point (x, i) ∈ F × i, there exists a neigh-
bourhood U(x,i) ⊂ F homeomorphic to R2 such that ψi(U(x,i)) ∩ U(x,i) = ∅. If
this were not true we would obtain a sequence of points xn → x in F such
that ψi(xn) → x. As ψi is an involution so it follows that xn → ψi(x) and
hence x = ψi(x). U(x,1) × (0, 1] ∪ ψ1(U(x,1)) × (0, 1] is then a fibered neighbour-

hood fiber-wise homeomorphic to R2 × R (with the leaves x × R). And similarly
U(x,0) × [0, 1)∪ ψ0(U(x,0))× [0, 1) is a fibered neighbourhood fiber-wise homeomor-

phic to R2 × R with the leaves x × R. M is therefore foliated by the circle leaves
(x× I) ∪ (ψ1(x)× I) ∪ (ψ0ψ1(x)× I) ∪ ... ∪ (ψ1(ψ0ψ1)(n/2)−1 × I).

We now use a result of Epstein[Eps72] which says that that any compact 3-
manifold foliated by circles is a Seifert fiber space to conclude that M is Seifert
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fibered. Furthermore, it contains the 2-sided horizontal surface F × 1
2 which in-

tersects each regular fiber n times. By Theorem 1.2, it must have ∂M 6= ∅ or
SE(M) 6= ∅ or be closed with e(M) = 0. �

3. Prism complexes

Let F be a surface with a Riemannian metric g. We begin this section with an
overview of the existence and uniqueness of a Riemannian center of mass for small
enough convex geodesic polyhedra in (F, g). The Euclidean center of mass of points
p1, ..., pk ∈ Rn is the point 1

k

∑
pi. The Riemannian center of mass, also known

as the Karcher mean, is a generalisation of this affine notion and was extensively
studied by Karcher[Kar77]. We present here the treatment as in [DVW15].

Definition 3.1. For x ∈ F , let B(x, r) denote the set of points of F at a distance

less than r from x, and denote by B(x, r) its closure. The injectivity radius of M at
a point x ∈ M is the supremum of the radii r of Euclidean balls B(0, r) ⊂ Tx(M)
that project down diffeomorphically to balls B(x, r) in M via the exponential map
expx. The injectivity radius of M , denoted by i(M), is the infimum of the injectivity
radius at all points of M .

We call a set B ⊂ M convex if any two points p, q ∈ B are connected by a
minimising geodesic that is unique in M and which lies entirely in B.

Lemma 3.2 (Theorem IX.6.1 of [Cha06]). Let M be a Riemannian manifold with
sectional curvatures bounded above by K+ and let i(M) be its injectivity radius. If

r < min

{
i(M)

2
,

π

2
√
K+

}
then B(x, r) is a convex set. (If K+ ≤ 0 then we take 1/

√
K+ to be infinite.)

Let B be an open set in M such that B is convex. Let P ⊂ B be a geodesic
convex polyhedron with vertices {p1, ...pk}. Let d denote the Riemannian distance
function in M . Let ε : B → R be the smooth function

ε(x) =
1

2k

k∑
i=1

d(x, pi)
2

The gradient of ε is given by

grad(ε)(x) = −1

k

∑
i

exp−1
x (pi)

At any point x ∈ ∂P , this gradient is therefore a vector pointing outward from P .
And hence a minimum of ε lies in the interior of P . Karcher proved that when B
is small enough, ε is convex and hence this minimum is unique. He in fact proved
this in more generality for sets of measure 1 (as opposed to a set of k points with
point measure 1/k) and with an explicit bound on the convexity of ε. The following
lemma follows from Theorem 1.2 of [Kar77] (see also Lemma 3 of [DVW15]):

Lemma 3.3. If {p1, ..., pk} ⊂ B(x, r) ⊂M with

r < ρ = min

{
i(M)

2
,

π

4
√
K+

}
Then the function ε has a unique minimum in B(x, r).
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Definition 3.4. Given a convex geodesic polyhedron P ⊂ B(x, ρ) ⊂ M with
vertices {p1, ..., pk}, we call this unique minimum b(P ) of ε in P the barycenter of
P .

Lemma 3.5. Let φ be an isometry of (F, g), let P ⊂ B(x0, ρ) be a convex geodesic
polyhedron and let Q = φ(P ). Then φ(b(P )) = b(Q).

Proof. Let V (P ) = {p1, ..., pk} and V (Q) = {q1, ..., qk} be the set of vertices of P
and Q respectively. Then φ(V (P )) = V (Q) and so for all x ∈ P ,

εQ(φ(x)) =
1

2k

k∑
i=1

d(φ(x), qi)
2 =

1

2k

k∑
i=1

d(φ(x), φ(pi))
2

As φ is an isometry, so it follows that εQ ◦ φ = εP . Let εP (b(P )) = m be the
minimum value of εP . So εQ(φ(b(P ))) = εP (b(P )) = m and as εQ = εP ◦ φ−1

so the minimum value of εQ is also m. As b(Q) is the unique minima of εQ so
φ(b(P )) = b(Q). �

We show below that a periodic surface automorphism is simplicial with respect
to some triangulation.

Lemma 3.6. Let H be a finite subgroup of the group of automorphisms of a compact
surface F . There exists a triangulation τ of F such that each φ ∈ H is a simplicial
map with respect to τ .

Proof. Let n be the order of H. Let g0 be a Riemannian metric on F and let
g =

∑
h∈H h

∗(g0). Any ϕ ∈ H acts on H as ϕ(h) = h ◦ ϕ for all h ∈ H to give a
bijection of H. So ϕ∗g =

∑
h∈H(h ◦ ϕ)∗(g0) = g, i.e., ϕ is an isometry of (F, g).

Let τ0 be a geodesic triangulation of F such that each simplex lies in a convex
ball of radius less than ρ as defined in Lemma 3.3. Let Π denote the polyhedral
complex obtained by intersecting the simplexes of h(τ0) for h ∈ H. In other words,
if H = {h1, ..., hn} then each cell P of Π is obtained by taking n triangles ∆1, ...,
∆n in τ0 (possibly with repetition) and taking the intersection P = ∩ni=1hi(∆i). As
each hi(∆i) is convex so P is a convex polyhedron. As ϕ induces a permutation of
H so ϕ is a map sending polyhedra of Π to polyhedra.

For each polyhedron P of Π let V (P ) be its set of vertices and let b(P ) ∈ int(P )
denote its Riemannian center of mass. P can be subdivided into the triangulation
τP = b(P ) ? ∂P by dividing along edges joining b(P ) to the vertices of P . Let
τ be the triangulation obtained by replacing each polyhedron P ∈ Π with the
triangulated polyhedron τP .

For any ϕ ∈ H as ϕ is a polyhedral map on Π, so if P is a polyhedron in Π so
is Q = ϕ(P ). As ϕ(V (P )) = V (Q) and by Lemma 3.5 ϕ(b(P )) = b(Q), so ϕ is in
fact a simplicial map from τP to τQ. Hence ϕ is simplicial over τ as required. �

We now prove the main theorem of this article:

Proof of 1.1. Given a 3-simplex ∆ with vertices a, b, c, d we can convert it to a prism
that we denote as [a; b, c; d] by introducing a vertex x(b) in the edge [a, b] a vertex
x(c) in the edge [a, c] and an edge [x(b), x(c)] that divides the face [a, b, c] into a
triangle which contains a and a quadrilateral which contains b and c, as shown in
Figure 4(i). This gives a prism with triangular faces [a, x(b), x(c)] and [b, c, d] and
quadrilateral faces [b, c, x(c), x(b)], [c, d, a, x(c)] and [d, b, x(b), a].
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β(∆)

β(e)

v

β(F )

a

b

c

d

x(b)

x(c)

(i) (ii)

Figure 4. (i) Converting a 3-simplex into a prism (ii) Consistently
doing so in the barycentric subdivision of a 3-simplex

To change tetrahedra to prisms consistently, we work instead with the barycen-
tric subdivision β(τ) of a simplicial triangulation τ of M . Let β(σ) denote the
barycenter of a simplex σ. Any 3-simplex in β(τ) is of the form [β(∆), β(F ), β(e), v]
where ∆ is a 3-simplex of τ , F a 2-simplex of ∆, e an edge of F and v a vertex of
e. To obtain a prism complex structure we change each such simplex to the prism
[β(∆);β(F ), β(e); v], by introducing a vertex x(F ) on the edge [β(∆), β(F )], a ver-
tex x(e) on the edge [β(∆), β(e)] and by splitting the face [β(∆), β(F ), β(e)] along
an edge [x(F ), x(e)]. See Figure 4(ii) for such a construction on the 3-simplexes of
β(τ) in ∆ which contain the 2-simplexes of β(F ), for a fixed face F of ∆. Such a
change on each 3-simplex of β(τ) is consistent. Also any horizontal face is either
of the form [β(∆), x(F ), x(e)] and lies in the interior of a 3-simplex of τ or is of
the form [β(F ), β(e), v]. Varying ∆, F ∈ ∆ and e ∈ F , the union of the faces
[β(F ), β(e), v] gives the barycentric subdivision of the 2-skeleton of τ . In either
case, horizontal edges only meet other horizontal edges, so this construction trans-
forms a simplicial complex to a prism complex. As every compact 3-manifold has a
simplicial complex structure it therefore has a prism complex structure. This con-
struction does not however give a special prism complex structure, in particular,
the interior horizontal edge [x(F ), x(e)] lies in only two prisms.

Suppose M admits a special prism complex structure. Foliate each prism ∆× I
by intervals x× I. Each face in the interior of the complex is shared by exactly two
prisms while each boundary face lies in one prism. Furthermore as horizontal edges
are identified only with horizontal edges, so horizontal faces are identified only with
horizontal faces. Therefore points in the interior of faces have fibered neighborhoods
that are fiber-wise homeomorphic to the fibered product D× I if the point is in the
interior of M and D+×I if the point is on the boundary of M . The star of an edge
is the union of all prisms which contain the edge. The dual graph of the star of
an interior edge of the complex is regular of degree 2 and is therefore a circuit. So
points in the interior of vertical edges have neighborhoods fiber-wise homeomorphic
to D× I. Similarly points on a vertical edge on the boundary has neighbourhoods
fiber-wise homeomorphic to D+× I. Exactly 4 prisms meet at a horizontal edge so
exactly 2 horizontal faces meet along a horizontal edge. Consequently, the union of
all horizontal faces gives a triangulated surface S. The interior of the union of all
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triangles containing a vertex v in S is a disk. All the prisms with a horizontal face
on this disk which lie on the same side of the disk, share the vertical edge containing
v. And so the union of all prisms containing such a vertex in M contains a fibered
neighbourhood of v fiber-wise homeomorphic to D× I. Therefore M is foliated by
1-dimensional leaves.

As no horizontal face lies on the boundary so the dual graph of the prism com-
plex with edges corresponding to horizontal faces and vertices corresponding to the
prisms is also a circuit. The union of the corresponding prisms is then either a solid
torus or a solid Klein bottle foliated by circles. This shows that the 1-dimensional
foliation constructed above has only circle leaves. Epstein[Eps72] has shown that
any compact 3-manifold foliated by circles is a Seifert fiber space. As the surface
S consisting of horizontal faces is transverse to this foliation, so by Theorem 1.2
either ∂M 6= ∅, SE(M) 6= ∅ or M is closed with e(M) = 0 as required.

Conversely, if M is a Seifert fiber space with ∂M 6= ∅, SE(M) 6= ∅ or e(M) = 0
then by Corollary 2.6, M = F × I/φ where φ : F × {1} → F × {0} is a periodic
monodromy or M = F × I/ψi i=0,1 where ψi : F ×{i} → F ×{i} is an involution.

If M = F × I/φ then let H be the finite subgroup of Aut(F ) generated by
φ. By Lemma 3.6, there exists a triangulation τ of F with respect to which φ is
simplicial. Let τ × I be a prism complex structure on F × I where each prism is
of the form ∆ × I for ∆ a triangle of τ . Then Π = τ × I/φ is the required prism
triangulation M . Similarly, if M = F × I/ψi then let H be the finite subgroup of
Aut(F ) generated by ψ1 and ψ2. By Lemma 3.6, there exists a triangulation τ of
F with respect to which both ψ1 and ψ2 are simplicial. Then Π = τ × I/ψi is the
required prism triangulation of M . �
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