
ESSENTIAL SURFACES IN SEIFERT FIBER SPACES WITH

SINGULAR SURFACES

TEJAS KALELKAR AND RAMYA NAIR

Abstract. Two-sided incompressible surfaces in Seifert fiber spaces with iso-

lated singular fibers are well-understood. Frohman[Fro86] and Rannard[Ran96]
have shown that one-sided incompressible surfaces in Seifert fiber spaces which

have isolated singular fibers are either pseudo-horizontal or psuedo-vertical.

We extend their result to characterise essential surfaces in Seifert fiber spaces
which may have singular surfaces, i.e., in S1-foliated 3-manifolds which have

fibered model neighbourhoods that are isomorphic to either a fibered solid

torus or a fibered solid Klein bottle.

1. Introduction

We call a closed 3-manifold M irreducible if every embedded 2-sphere in M
bounds a 3-ball. The prime decomposition phenomenon of 3-manifolds allows us
to uniquely express every closed 3-manifold as a connected sum of manifolds which
are either irreducible or S2 × S1 or S2×̃S1. The geometrisation of 3-manifolds
further allows us to cut these irreducible summands along a canonical collection
of incompressible tori and Klein bottle into pieces which are one of three possible
types: either they are Seifert fiber spaces or they are finitely covered by torus
bundles or they have interiors which admit a complete hyperbolic metric. Seifert
fiber spaces are precisely those compact 3-manifolds which admit a foliation by
circles. They are an important class of 3-manifolds that are fairly well-understood
as they are completely determined by a finite collection of invariants.

Let D = {(x, y) ∈ R2 : x2 + y2 ≤ 1} and let D+ = {(x, y) ∈ D : x ≥ 0}. A model
fibered solid torus is the monodromy fibering of a solid torus given by D × I/ ∼ρ
or D+ × I/ ∼ρ. Where ρ : D × 1 → D × 0 is a rational rotation map (possibly
identity) and ρ : D+ × 1→ D+ × 0 is the identity map. We call the model fibered
solid torus regular if ρ is the identity and non-regular otherwise. Similarly, a model
fibered Klein bottle is the monodromy fibering given by D × I/ ∼r or D+ × I/ ∼r
where r : D× 1→ D× 0 or r : D+× 1→ D+× 0 is the reflection along the x-axis.

Epstein[Eps72] has shown that every circle fiber f in a Seifert fiber space has a
fibered neighbourhood isomorphic to a model fibered solid torus or a model fibered
Klein bottle with f identified with the fiber 0× S1 in the model. We call f regular
if it has a fibered neighbourhood that is isomorphic to a regular model fibered solid
torus and singular otherwise. An isolated singular fiber has a fibered neighbourhood
isomorphic to a non-regular model solid torus while the non-isolated singular fibers
have fibered neighbourhoods isomorphic to a model solid Klein bottle. The union
of the non-isolated singular fibers give a collection of annuli, tori and Klein bottles
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that we call singular surfaces. Let N denote a Mobius strip. The model fibered
neighbourhood of a singular surface C is either a solid Klein bottle N × I (when C
is an annulus), N ×S1 (when C is a torus) or N×̃S1 (when C is a Klein bottle). A
good exposition for Seifert fiber spaces is the survey paper by Scott[Sco83] and the
preprint of a book by Hatcher[Hat]. A good account of the non-orientable Seifert
fibered spaces with singular surfaces is given by Cattabriga et al[CMMN20].

Let M denote a Seifert fiber space possibly with singular surfaces. Let S denote a
properly embedded surface in M . We call an embedded disk D in M a compressing
disk if D∩S = ∂D which is an essential curve in S. We call an embedded disk D in
M a boundary compressing disk if ∂D is the union of arcs α and β where α = D∩S
is an arc in S that is not boundary-parallel and β = D ∩ ∂M . For E ⊂ ∂M , we
say that S is boundary-compressible with respect to E if β lies in E. We say that
S is incompressible or boundary-incompressible if it does not have any compressing
disks or boundary-compressing disks respectively. We say that S is essential if
it is neither S2 nor a boundary-parallel disk and it is both incompressible and
boundary-incompressible in M . We now define the notions of horizontal, vertical,
pseudo-horizontal and pseudo-vertical below.

Definition 1.1. Let C be a fibered annulus, Mobius strip, torus or Klein bottle.
We say that a properly embedded arc or curve in C is horizontal if it is transverse
to the fibration. We say that a curve in C is vertical if it is a fiber of the fibration.

We say that a properly embedded surface S in M is horizontal if it is transverse
to the fibration of M and we call it vertical if it is composed of a union of the fibers
of M .

Definition 1.2. Let S be a properly embedded surface in a Seifert fiber space M .
Let C be an isolated singular fiber or a singular surface of M and let W be a model
neighbourhood of C. We say that the intersection of S with W is exceptional if
S ∩W is one of the following:

(1) A once-punctured non-orientable surface with horizontal boundary in ∂W
when C is an isolated fiber.

(2) A pair of pants with vertical boundary in ∂W when C is an annulus.
(3) A once-punctured torus with vertical boundary in ∂W when C is a torus.
(4) A once-punctured Klein bottle with vertical boundary in ∂W when C is a

Klein bottle.

Definition 1.3. Let S be a properly embedded surface in a Seifert fiber space M .
We say that S is pseudo-horizontal if it is a horizontal surface outside model neigh-
bourhoods of the isolated singular fibers and intersects the model neighbourhoods
of the isolated singular fibers horizontally or exceptionally.

We say that S is pseudo-vertical if it is a vertical surface outside model neigh-
bourhoods of the singular surfaces and isolated singular fibers and it intersects the
model neighbourhoods of the singular surfaces and isolated singular fibers vertically
or exceptionally.

It is well-known that in Seifert fiber spaces without singular surfaces, any two-
sided essential surface can be isotoped to become vertical or horizontal (see Hatcher[Hat]).
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Frohman[Fro86] showed that a closed one-sided incompressible surface in an ori-
entable Seifert fiber space with orientable base can be isotoped to become pseudo-
horizontal or pseudo-vertical. Rannard[Ran96] extended this result to closed incom-
pressible surfaces in non-orientable Seifert fiber spaces without singular surfaces.
In this article, we extend Rannard’s proof to Seifert fiber spaces which may have
boundary and singular surfaces by listing out the incompressible surfaces in a solid
Klein bottle. The main theorem we prove in this article is the following:

Theorem 1.4. Let M be a Seifert fiber space (possibly with singular surfaces) which
has at least one singular fiber and let S be a connected properly embedded essential
surface in M . Then S can be isotoped to a surface that is pseudo-horizontal or
pseudo-vertical.

IfM has no singular fibers, i.e., M is an S1-bundle over a surface then Rannard[Ran96]
has shown that S can be isotoped either to a vertical surface or to a surface that is
horizontal outside the model neighbourhood of one regular fiber and intersects the
model neighbourhood horizontally or exceptionally. Note that if M has singular
surfaces then it always has a horizontal surface (Theorem 1.2 of [KN23]).

2. Properties of Seifert fiber spaces

In this section we prove that most Seifert fibered spaces are irreducible and have
incompressible boundary and we fix a partition of the manifold into solid tori and
solid Klein bottle.

We will reserve the letter N to denote a fibered Mobius strip with monodromy
fibering given by [−1, 1]× [−1, 1]/(x, 1) ∼ (−x,−1). The solid Klein bottle N × I
has an induced fibering which is the same as that of the model fibered solid Klein
bottle. The boundary Klein bottle has a fibering given by the cores of the two
Mobius strips N × 0 and N × 1 that we denote by l0 and l1 and fibers parallel to
∂N × t that we denote by d. We denote by m the boundary of a meridian disk of
the solid Klein bottle (see Figure 2).

Let M be a Seifert fiber space with base space B and projection map p : M → B.
Let M1 be the union of disjoint model neighbourhoods of its singular surfaces, i.e.,
M1 is a (possibly empty) union of N × I, N × S1 and N×̃S1 components. Let B1

denote the projection of M1 on B. Let B0 = B \B1 denote the base space of the

Seifert fiber space M0 = M \M1 which has only isolated singular fibers.

Lemma 2.1. Let M be an irreducible Seifert fiber space with compressible boundary.
Then M is a solid torus or a solid Klein bottle.

Proof. Assume that M has a compressible torus or Klein bottle boundary compo-
nent T . Let D be a compressing disk for ∂M . Let N(D) ' D × I be a regular
neighbourhood of D in M . Then (T \ (∂D× I))∪ (D× ∂I) is an embedded sphere
in M . As M is given to be irreducible so this sphere bounds a ball that does not
contain D× (int(I))). Hence M is obtained from two balls by identifying a pair of
disks on their boundaries so M is either a solid torus or a solid Klein bottle. �

The following Theorem 2.2 is known for Seifert fibered spaces with isolated sin-
gular fibers (see Proposition 1.12 of Hatcher[Hat]). We extend this result to Seifert
fibered spaces which may have singular surfaces.

Theorem 2.2. Let M be a Seifert fibered space (possibly with singular surfaces).
Then M is irreducible unless it is S2 × S1, S2×̃S1 or RP3#RP3.
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Proof. Let M0 and M1 be as described above. If M0 is reducible then it must
have a horizontal reducing sphere. So M0 is either an S2-bundle over S1 or an
S2-semibundle over I. Hence M0 is closed and so M = M0 must be either S2×S1,
S2×̃S1 or RP3#RP3. See Proposition 1.12 of Hatcher[Hat] for details. We shall
henceforth assume that M0 is irreducible.

Let P = M0∩M1 be a union of tori, Klein bottle and annuli. Let S be a reducing
sphere of M that intersects P minimally in its isotopy class. If S does not intersect
P then it lies either in M0 or in an N × I, N ×S1 or N×̃S1 component of M1 all of
which are irreducible. Therefore S bounds a ball in M contradicting the fact that
S is reducing.

Let D be an innermost disk of S ∩ P in S. If D lies in a solid Klein bottle
component N × I of M1 then it is either a meridian disk or it is parallel to a disk
in ∂N × I. As D ⊂ S does not intersect N × ∂I ⊂ ∂M so D can not be a meridian
disk. Isotoping D across ∂N × I reduces the number of components of S ∩P which
is a contradiction. So we may assume that D does not lie in an N × I component
of M1.

As M0 has only isolated singular fibers so it is not a solid Klein bottle. Assume
that M0 is not a solid torus, so by Lemma 2.1 M0 is an irreducible manifold with
incompressible boundary. As fibers are essential in Mi so the annuli components of
P which are all vertical are incompressible in Mi. Hence all the components of P
are incompressible in Mi, so ∂D bounds a disk D′ in P . And as Mi is irreducible
so D ∪ D′ bounds a ball in Mi. There exists an isotopy which sweeps D across
this ball and off D′ to reduce the number of components of S ∩ P , which again
contradicts the minimality of this intersection.

Finally if M0 is a solid torus and D is a compressing disk for ∂M0 in M0, then
it is a meridian disk of M0 with horizontal boundary. So ∂M0 lies in the interior
of M and hence M is the union of a solid torus M0 and M1 = N × S1 along their
boundary tori. In this case, we claim that M is S2×̃S1. Let D1 be a horizontal
meridian disks of M0. Let γ1 be the boundary of D1 in ∂M1. Let α be a horizontal
straight arc in N0 = N×t0 connecting a point of γ1∩∂N0 to a point p of ∂N0 which
is not on γ1. Let D2 be another meridian disk of M0 with a boundary γ2 which
passes through p and is parallel to γ1 on ∂M1. Let A be the horizontal annulus in
M1 with boundary γ1∪γ2 obtained by sweeping α across γi. Then S = D1∪A∪D2

is a horizontal sphere in M . The complement of S in M is an I-bundle so M is an
S2-bundle over S1 or an S2-semibundle over I (see Corollary 2.6 of [KN23]). As
M is non-orientable so it must be S2×̃S1.

�

There are no essential surfaces in S2 × S1, S2×̃S1 and RP3#RP3 so we shall
henceforth assume that M is a Seifert fibered space which is either a solid torus, a
solid Klein bottle or an irreducible manifold with incompressible boundary.

Partition of M into solid tori and solid Klein bottle. We first give a CW-complex
structure on B. Let τ0 be a simplicial triangulation of B0. Assume that τ0 is fine
enough so that projections of the singular fibers lie in the interiors of distinct
disjoint triangles which do not meet the boundary of B0. Each N ×I component of
M1 projects down to a rectangle R with one edge c given by the projection of the
singular annulus of N×I, two edges b1, b2 given by the projection of N×∂I and an
edge a given by the projection of ∂N×I to ∂B0. Attach one such rectangle to τ0 for
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Figure 1. The CW-complex of the base space B obtained by at-
taching to τ0 the rectangles and annuli corresponding to the pro-
jection of the model neighbourhoods of the singular surfaces.

each N×I component of M1 by introducing the 2-cell R, the edges b0, b1 and c and
the four corner vertices (see Figure 1). Similarly, each N ×S1 or N×̃S1 component
of M1 projects down to an annulus A. Give a cell-structure to A by introducing an
edges b corresponding to the projection of N×t0 for some fixed t0 ∈ S1, a boundary
edge-loop c corresponding to the projection of the singular torus (in N × S1) or
singular Klein-bottle (in N×̃S1) and a boundary edge-loop a that lies in ∂B0. Let
R denote the 2-cell A \ {a, b, c}. For each N × S1 and N×̃S1 component of M1,
insert such a 2-cell R, the edge b and c and the two end-vertices of b (see Figure
1). Call all the edges corresponding to b, b1 and b2 as Mobius edges because their
pre-images in M are Mobius strips and call all the edges corresponding to c as
singular surface edges as their pre-images in M are singular surfaces. Let τ be the
cell structure of B obtained by attaching these cells to τ0.

We will henceforth ignore the singular-surface edges of τ . Let V, E and F denote
the collection of preimages of the vertices, the edges which are not singular surface
edges and the faces of τ respectively. Each V ∈ V is a fiber of M . Each E ∈ E is a
vertical Mobius strip when E is a Mobius edge and is a vertical annulus otherwise.
And each F ∈ F is model regular solid torus when it does not contain any singular
fibers, is a model non-regular solid torus when it contains an isolated singular fiber
and is a model solid Klein bottle N × I otherwise.

3. Incompressible surfaces in Seifert fiber spaces

In this section we study the incompressible surfaces in Seifert fiber spaces and
prove Theorem 1.4. The main original contribution here is a list of the incompress-
ible surfaces in a solid Klein bottle given in Theorem 3.10. The rest of this section
extends the proof of Rannard[Ran96] in order to apply it to the case when M may
have singular surfaces and non-empty boundary.

Definition 3.1. Let S be a properly embedded surface in M that intersects all
the annuli and mobius strips E ∈ E transversely. Define the complexity ξ(S) of S
to be

∑
E∈E |π0(S ∩E)|. We say that S is minimal if it has minimal complexity in

its isotopy class. We say that S is well-embedded if it is minimal and it intersects
each E ∈ E horizontally or vertically.

Applying the below Lemma 3.2 to each E ∈ E shows that every essential surface
in M can be isotoped to a well-embedded surface. This Lemma 3.2 combines the
arguments of Lemma 3.1 and Lemma 3.2 of Rannard[Ran96] and extends it to
manifolds with boundary.
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Lemma 3.2. Let S be a connected essential minimal surface in M . For each
E0 ∈ E there exists an isotopy of S in an arbitrarily small neighbourhood of E0

that fixes ∂E0 and takes S to a minimal surface which intersects E0 horizontally
or vertically.

Proof. We study the various possibilities for the intersection of the surface S with
the annulus or Mobius strip E0.
Case I: A component of S ∩ E0 is a closed curve that bounds a disk in E0. By
taking the innermost such disk D in E0 we may assume that S does not intersect
the interior of D. As S is incompressible there exists a disk D0 ⊂ S with ∂D = ∂D0.
As M is irreducible, D ∪ D0 bounds a ball in M . When E0 does not lie in ∂M
we may reduce ξ(S) by isotoping D0 across this ball and off D. This contradicts
the minimality of S. If E ⊂ ∂M then as S is connected D0 = S is a boundary
parallel disk, which contradicts the fact that S is essential. So we may assume that
no component of S ∩ E0 is a trivial closed curve in E0.

Case II: A component of S ∩ E0 is a boundary-parallel arc in E0. By taking
the outermost disk D cut off by such arcs we may assume that the interior of D is
disjoint from S. Let β be the arc D ∩ ∂E0 which lies in a component V of ∂E0.

If V lies in the interior of M or if E0 ⊂ ∂M then we claim that isotoping S
across D and off β reduces ξ(S). Let E ∈ E be such that E 6= E0 and V ⊂ ∂E. Let
α1 and α2 be components of S ∩E that meet the end-points of α (α1 may be equal
to α2). After this isotopy, {α1, α2} is replaced in the list of connected components
of S∩E by the component α1∪β∪α2. So the number of components of S∩E does
not increase under such an isotopy when V ⊂ ∂E. If E ∈ E is such that V does not
lie in ∂E then this local isotopy does not change S ∩ E. And lastly, this isotopy
reduces the number of components of S ∩ E0. Therefore the complexity ξ(S) of S
reduces after this isotopy, contradicting the minimality of S.

Assume that V lies in ∂M and E0 does not lie in ∂M . The disk D can not
be a boundary-compressing disk for S which is given to be essential. So D ∩ S is
an arc α that is boundary-parallel in S. Hence there exists a disk D0 ⊂ S with
∂D0 = α∪γ where γ is an arc in ∂S. As ∂M is incompressible in M so there exists
a disk D1 ⊂ ∂M such that ∂D1 = ∂(D ∪ D0) = β ∪ γ. As β is vertical, so there
exists an E1 ∈ E that lies in ∂M such that γ cuts off a disk D′1 ⊂ D1 from E1. By
the above argument applied to S∩E1 isotoping S across D′1 reduces the complexity
of S, contradicting the minimality of S. So we may assume that no component of
S ∩ E0 is a boundary-parallel arc in E0.

Case III: A component of S ∩ E0 is an essential closed curve in E0. By the
above cases, there are no trivial closed curves or boundary-parallel arcs in S ∩ E0.
If some component of S ∩E0 is an essential closed curve in the annulus or Mobius
strip E0 then S ∩ E0 is a union of essential closed curves. There is an isotopy of
E0 fixing ∂E0 which takes these closed curves to fibers of E0. We can extend this
isotopy of E0 to a local isotopy of an arbitrarily small neighbourhood of E0, which
fixes ∂E0 and does not increase ξ(S).

Case IV: No component of S ∩E0 is a closed curve or a boundary-parallel arc in
E0. If there are no closed curves and no boundary-parallel arcs in S∩E0 then there
exists a local isotopy of E0 fixing ∂E0 which takes S ∩ E0 to a union of horizontal
arcs. Again, we can extend this isotopy of E0 to a local isotopy in an arbitrarily
small neighbourhood of E0 which fixes ∂E0 and does not increase ξ(S).

�
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We now focus on the intersection of an essential surface with the solid tori and
solid Klein-bottles in F . The following lemmas lead up to Theorem 3.9 and Theorem
3.10. The below Lemma 3.3 is an extension of Lemma 3.6 of Rannard[Ran96] to
include boundary-parallel Mobius strips in solid Klein bottle.

Lemma 3.3. Let S be a well-embedded essential surface in M . Fix F ∈ F and
let S0 be a component of S ∩ F . Assume that S0 is a boundary-parallel annulus or
Mobius strip in F . Then S0 can be isotoped fixing ∂F to a vertical surface.

Proof. As S0 is boundary-parallel, there exists a surface S′0 ⊂ ∂F isotopic to S0 in
F with ∂S′0 = ∂S0. As S is well-embedded, ∂S0 is either horizontal or vertical in
∂F . If ∂S0 is vertical then S′0 is a vertical annulus or Mobius strip in ∂F . Pushing
the interior of S′0 into the interior of F we get a properly-embedded vertical surface
as required. Assume henceforth that ∂S0 = ∂S′0 is horizontal in ∂F .

If S′0 ⊂ ∂F is a Mobius strip then F is a solid Klein bottle and as ∂S′0 is an
embedded closed curve transverse to the fibration of the Klein bottle so it must be
isotopic to m. But as m is non-zero in H1(∂F,Z2) so there can not exist a Mobius
strip in ∂F with boundary isotopic to m.

If S′0 ⊂ ∂F is an annulus then there exists a solid torus Q in F with ∂Q = S0∪S′0.
As ∂S′0 is a horizontal curve so it intersects each E ∈ E that lies in ∂F in horizontal
arcs. As there is more than one cell in the cell-structure τ of the base space B, so ∂F
is not a subset of ∂M . Take some E0 ∈ E that lies in ∂F and does not lie in ∂M . As
∂S′0∩E0 is a union of horizontal arcs so there exists a vertical arc β ⊂ S′0∩ int(E0)
with β ∩ ∂S0 = ∂β. Let α be the arc in S0 isotopic relative boundary to β in
Q. Let D be the meridian disk in the solid torus Q with ∂D = α ∪ β. Let δ1
and δ2 be the horizontal arcs of S0 ∩ E0 which contain ∂β. Let β × I denote a
thickening of β in E0 with ∂β × I ⊂ δ1 ∪ δ2. Isotoping S across D and off β
replaces the two components δ1 and δ2 of S ∩ E0 with the two components given
by (δ1 ∪ δ2 ∪ β × ∂I) \ (∂β × int(I)). These arcs cut off disks from E0, however
the complexity of S does not change under such a local isotopy. As in Lemma 3.2
Case II, by isotoping off such a disk cut off from E0 the complexity ξ(S) of S can
be reduced, contradicting the minimality of S.

�

Any pair of disjoint essential curves on a torus are isotopic curves. This is
however not true on a Klein bottle. The below Lemma 3.4 says that if the boundary
components of a boundary-compressible incompressible surface are isotopic then the
surface must be a boundary-parallel annulus.

Lemma 3.4. Let T be a torus or Klein bottle boundary component of M . Let S be
a connected incompressible surface in M and let γ1 and γ2 be distinct components of
S∩T . Let D be a boundary compressing disk of S with D∩S an arc with endpoints
on both γ1 and γ2. If γ1 is isotopic to γ2 in T then S is a boundary-parallel annulus.

Proof. If a component of ∂S is trivial in T then let D0 be the innermost disk
bounded by ∂S in T . As S is incompressible, there exists a disk D1 ⊂ S with
∂D1 = ∂D0. As S is connected S = D1. And as M is irreducible so the sphere
D0 ∪ D1 bounds a ball in M . Hence S is parallel to the disk D0 ⊂ ∂M . This
contradicts the fact that ∂S has at least two components. So we may assume that
γ1 and γ2 are essential curves in T .

Let ∂D = α ∪ β where α and β are the arcs D ∩ S and D ∩ T respectively. If T
is a torus then the closure of any component of the complement of any two disjoint
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essential closed curves in T is an annulus. Assume that T is a Klein bottle and
refer to Figure 2 for the labels of the closed embedded curves on T . Any two curves
on a Klein bottle which are isotopic to l1 (or to l2) must intersect. If the curves
γi are isotopic to m then the closure of any component of their complement in T
is an annulus. If the γi are isotopic to d then the closures of their complementary
components gives two Mobius strips and an annulus. In either case as the endpoints
of β are in distinct components of S ∩T , so the closure of the component of T \ ∂S
which contains int(β) must be an annulus A with ∂A = γ1 ∪ γ2. Note that if γ1
were not given to be isotopic to γ2, for example γ1 = l1 and γ2 = d, then the int(β)
may lie in an open annulus but its closure will not remain an annulus.

Let N(D) = D × [−1, 1] be a regular neighbourhood of D in M \ S. The
boundary of N(D) decomposes as N(α) ∪ N(β) ∪ (D × {−1, 1}). Let D′ be the
disk obtained by taking the closure of A \ N(β). Then D0 = D′ ∪ (D × {−1, 1})
is an embedded disk with boundary in S. As S is incompressible so there exists a
disk D1 ⊂ S with ∂D1 = ∂D0. As M is irreducible so D0 ∪D1 bounds a ball B in
M with B ∩N(D) = D × {−1, 1}. And S = D1 ∪N(α) is the union of two disks
along a pair of arcs α × {−1, 1} on their boundary, so it is either an annulus or a
Mobius strip. But as S has at least two boundary components so it can not be a
Mobius strip. Furthermore S cuts off the solid torus B ∪ N(D) from M so it is
boundary-parallel. �

Lemma 3.5. Let F be a fibered solid torus or fibered solid Klein bottle. Let S be a
connected incompressible surface in F with horizontal or vertical boundary. There
exists a boundary relative isotopy which takes S to a horizontal disk or to a surface
that intersects a horizontal disk transversely in a non-empty collection of arcs which
are not boundary-parallel in S.

Proof. Let D be a meridian disk of F . We claim that there exists a boundary-
relative isotopy, which takes S to a surface that does not intersect the interior of D
in any circles. To see this, let D0 be an innermost disk in D bounded by the circles
in S ∩D. As S is incompressible, ∂D0 bounds a disk D1 in S. By the irreducibility
of F , D0 ∪ D1 bounds a ball in F . Therefore D1 can be isotoped off D0 through
this ball to reduce the number of circles in S ∩ D. The claim then follows from
induction on the number of circle components of S ∩D in the interior of D.

If S does not intersect the interior of D then it is an incompressible surface in
the ball B = F \ N(D) and so it must be a boundary-parallel disk in B. If ∂S
is a trivial closed curve in the fibered annulus ∂D × I ⊂ ∂B then it can not be
horizontal or vertical, which contradicts our assumption. So γ = ∂S separates the
two copies of D in ∂B. Hence there exists a fiber-preserving isotopy of F which
takes ∂D to the horizontal curve γ. Such an isotopy takes D to a horizontal disk
D′ with ∂D′ = γ. Applying the above arguments to S ∩D′ we can conclude that S
does not intersect the interior of D′ in any circles and so S ∩D′ = ∂S. Therefore
by incompressibility of S and irreducibility of M , S is isotopic relative boundary
to the horizontal disk D′ in M .

Assume that S intersects D in a non-empty collection of arcs. If any of these
arcs is boundary-parallel in S then choose an outermost such arc α that cuts off a
disk D0 from D. Let ∂D0 = α ∪ β with β as the arc D0 ∩ ∂F . As α is boundary-
parallel in S so there exists a disk D1 ⊂ S such that ∂D1 = α ∪ γ with γ the arc
D1∩∂F . The embedded disk D′ = D0∪D1 is either a meridian disk or a boundary
parallel disk of F . If D′ is a meridian disk then after a slight perturbation we may
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assume that it is disjoint from S. And so by the arguments above, S lies in the ball
F \N(D′) and hence is isotopic relative boundary to a horizontal disk. If D′ is a
boundary parallel disk then it bounds a ball B′ in F . There exists an isotopy of F
that is identity oustide a neighbourhood of B′ which sweeps D0 across B′ and off
D1. Restricting this isotopy to D takes D to a meridian disk with fewer number of
components of intersection with S.

�

We state below the kind of non-orientable incompressible surfaces that exist in a
solid torus, following the characterisation of such surfaces given by Rubinstein[Rub78].

Lemma 3.6 (Corollary 2.2 [Fro86]). A one-sided incompressible surface in a solid
torus has as boundary a single (2k, q)-curve with k 6= 0. Conversely every (2k, q)-
curve with k 6= q on the boundary of a solid torus is the boundary of a one-sided
incompressible surface in the solid torus.

For the sake of exposition we expand on a proof of the below result that has
been proved in Rannard[Ran96].

Lemma 3.7 (Lemma 3.7, [Ran96]). Let S be a connected incompressible non-
orientable surface in a regular solid torus F ∈ F . Assume that the boundary of
S is horizontal or vertical in ∂F . Then S can be reduced to a meridian disk by a
sequence of boundary compressions with respect to any E ∈ E with E ⊂ ∂F .

Proof. By Lemma 3.6, S is a connected incompressible surface with connected
boundary. If S is not a disk then we will show that there exists a boundary com-
pression of S along E that increases its Euler characteristic by one while keeping
S a connected incompressible surface with connected boundary.

By Lemma 3.5, there exists a boundary-relative isotopy that takes S to a surface
which intersects a horizontal disk D in a non-empty collection of arcs which are not
boundary-parallel in S. Let α be an outermost arc which cuts off a disk D0 from D.
Let ∂D0 = α∪β where β is the arc ∂F ∩D0. Assume that β lies in E. Let N(∂S) be
an annulus neighbourhood of ∂S in S and let N(α) be a rectangular neighbourhood
of α in S. Translating a normal vector to S pointing into D0 along α from α(0)
to α(1) followed by a translation along ∂S from α(1) to α(0) reverses the original
vector. So the 1-handle N(α) is attached to the annulus N(∂S) with a twist,
giving a once-punctured Mobius strip Q. The complement of α in Q is connected
and hence its complement in S is also connected. So compressing S along the disk
D0 gives the required connected incompressible surface with connected boundary
and with Euler characteristic one more than that of S.

We will now obtain such a boundary-compressing disk when β is not in E. We
first claim that β can be isotoped to lie arbitrarily close to a vertical arc via an
isotopy through arcs with endpoints on γ = ∂S. Let A be an annulus such that
∂F is obtained by identifying the interior of A with ∂F \ γ and ∂A with γ. A has
an I-fibering induced by the fibering of ∂F . Let γ0 and γ1 denote the boundary
components of A, containing β(0) and β(1) respectively. As ∂D and hence β is
horizontal so β(0) and β(1) do not lie on the same I-fiber of A. Let β be the
projection of β on γ1. As ∂D and hence β intersects each fiber of ∂F at most once
so the vertical I-fiber of A at β(0) followed by β followed by the reverse of β is
an embedded closed curve that bounds a disk in A. This gives an isotopy in A
taking β to the I-fiber at β(0) via arcs with one endpoint fixed at β(0) and the
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other on β. No point of β other than possibly β(0) is identified with β(0) in γ as
β intersects each fiber of ∂F at most once. If β(0) is identified with β(0) in γ then
γ intersects each fiber of ∂F exactly once and so the two boundary components of
A are identified by full twists, otherwise they are identified via some rational twist.
In either case we have an isotopy in ∂F that takes β close to a vertical arc via arcs
with endpoints on ∂S. Following this up with a rotation in A takes β to an arc δ
in E ∩A via some isotopy H : I × I → ∂F .

Let P = ∂F × I be a neighbourhood of ∂F in F , such that S ∩ P = ∂S × I,
D ∩ P = ∂D × I, D0 ∩ P = β × I. Let F ′ be the closure of F \ P i.e. the inner
solid torus. Let D′0 = F ′ ∩ D0, β′ = ∂F ′ ∩ D′0, α′ = F ′ ∩ α and S′ = F ′ ∩ S.
Define G : I × I → ∂F × I = P by G(s, t) = (H(s, t), t). G is then an embedding
of a rectangle with boundary consisting of a pair of opposite edges η1 ∪ η2 on
∂S × I = S ∩ P and the remaining pair of edges as β′ ∪ δ. Let α′′ = α′ ∪ η1 ∪ η2
and let D1 = D′0 ∪ G(I × I). Then the disk D1 has boundary α′′ ∪ δ with α′′ the
arc ∂D1 ∩ S and δ the arc ∂D1 ∩ ∂F . As α′′ is isotopic on S to α which is not
boundary-parallel in S so D1 is a boundary-compression of S with respect to E.

�

Lemma 3.8. Let P be a properly embedded 2-sided surface in M that is a union
of some E ∈ E. Let S be an incompressible minimal surface in M . Let M ′ be the
closure of a component of M \P . Then S ∩M ′ is an incompressible surface in M ′.

Proof. Suppose that S′ = S ∩M ′ is compressible. Let D be a compressing disk
for S′ in M ′. As S is incompressible in M , so there exists a disk E ⊂ S such that
∂D = ∂E. As ∂D is essential in S′ so E does not lie in S′ and must therefore
intersect P . As M is irreducible, the sphere D ∪ E bounds a ball in M . Isotoping
E across this ball to D reduces the number of components of S ∩ P . As P is a
union of some E ∈ E so this isotopy reduces ξ(S), contradicting the fact that S is
minimal. Therefore S′ is incompressible in M ′.

�

We list below the possible incompressible surfaces in a solid torus F ∈ F . Note
that the solid torus may have non-regular fibering. The following Theorem 3.9
follows from Lemma 3.5 and Lemma 3.6 of Rannard[Ran96]. We give a proof here
for the sake of exposition and to ensure that the isotopy is boundary-relative.

Theorem 3.9. Let S be a connected well-embedded essential surface in M let F ∈ F
be a solid torus. Then there is an isotopy of S which pointwise fixes all E ∈ E, and
takes S ∩ F to a union of the following components:

(1) A vertical boundary-parallel annulus
(2) A horizontal disk
(3) A once-punctured non-orientable surface whose boundary is neither a merid-

ian nor a longitude of F

Proof. Let P be the union of all E ∈ E that lie in ∂F and do not lie on ∂M . By
Lemma 3.8, S ∩ F is an incompressible surface. And as S is well-embedded so the
boundary of S ∩F is either horizontal or vertical. Let S0 be a component of S ∩F .
By Lemma 3.5, there exists an isotopy which fixes ∂F and takes S0 to either a
horizontal disk or to a surface that intersects a horizontal disk D in arcs that are
not boundary-parallel in S0. Assume that S0 is not isotopic to a horizontal disk.
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Let D0 be the outermost disk cut off by arcs of S0 ∩D in D. Let ∂D0 = α ∪ β
where α = S0 ∩ D and β = ∂F ∩ D. Let γ1 and γ2 be the components of ∂S0

that contain ∂α. If γ1 and γ2 are distinct curves then by Lemma 3.4 S0 can be
isotoped fixing boundary to a boundary-parallel annulus. By Lemma 3.3, S0 can be
isotoped fixing boundary to a vertical annulus and in particular, ∂S0 is a vertical
curve. If γ1 = γ2, then we claim that S0 is a one-sided surface in a solid torus and
is therefore non-orientable. To see this observe that the normal vector field along α
pointing into D0, followed by the normal vector field along γi from one end-point
of α to the next gives a normal vector field along a closed curve on S0 that reverses
the direction of the initial vector. By Lemma 3.6, the boundary of S0 is connected
and is neither a meridian nor a longitude of F . S0 is therefore isotopic relative
boundary to either a horizontal disk, a vertical boundary-parallel annulus or to a
once-punctured non-orientable surface whose boundary is neither a meridian nor
a longitude. We shall now see that there exists a boundary-relative isotopy of F
which takes all components of S ∩ F simultaneously to one of these three types.

As the Dehn surgery slope at an isolated singular fiber of M is finite, so the slope
of a fiber of ∂F is non-zero even when F is a non-regular solid. And by Lemma 3.6,
the slope of the boundary of a non-orientable surface is also non-zero. Therefore
if some component of S ∩ F is isotopic relative boundary to a horizontal disk then
every component of S ∩ F is isotopic relative boundary to a horizontal disk. So a
single isotopy fixing ∂F exists taking S ∩ F to a union of horizontal disks.

Assume that S∩F is a union of boundary-parallel annuli and non-orientable sur-
faces. Any two one-sided surfaces in F with isotopic boundary slopes must intersect,
so there is at most one such surface. As any boundary parallel annuli separates
F into two solid tori, so only one of these pieces can contain the non-orientable
surface component. So as in Lemma 3.3 there is an isotopy of F which isotopes all
the boundary-parallel annuli with vertical boundary into a neighbourhood of ∂F
where they are vertical. �

We now list the possible incompressible surfaces in a solid Klein bottle.

Theorem 3.10. Let F = N × I be a fibered solid Klein bottle and let S be an
incompressible surface in F . Assume that the boundary of S is horizontal or ver-
tical in ∂F . Then S can be isotoped relative boundary to a union of the following
components (see Figure 2):

(1) A horizontal disk
(2) A vertical boundary-parallel Mobius strip with boundary d
(3) A vertical boundary-parallel annulus with boundary two copies of d
(4) A vertical one-sided annulus with boundary l1 ∪ l2
(5) A one-sided pair of pants with boundary l1 ∪ l2 ∪ d

Proof. Assume that S is connected. If ∂S is horizontal then there exists a horizontal
disk D whose boundary is disjoint from ∂S. And so by Lemma 3.5, S is isotopic
relative boundary to a horizontal disk. (See Figure 2 (i))

Assume that ∂S is vertical in ∂F . The Klein bottle ∂F is the union of two
Mobius strips so the boundary of S consists of components that are either the
cores l1 or l2 of these Mobius strips or copies of the common boundary d of the
Mobius strips. By Lemma 3.5 S intersects a horizontal disk D in arcs that are not
boundary-parallel in S.
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l1

l2d
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l2
d

d

(i) (ii) (iii) (iv) (v)

Figure 2. Incompressible surfaces in a solid Klein Bottle repre-
sented as D2 × I with the monodromy reflection along a diame-
ter: (i) Horizontal disk with boundary m, (ii) Vertical boundary-
parallel Mobius strip with boundary d, (iii) Vertical boundary-
parallel annulus with boundary d ∪ d, (iv) Vertical one-sided an-
nulus with boundary l1 ∪ l2 and (v) One-sided pair of pants with
boundary l1 ∪ l2 ∪ d

Let B = D × I and let F be obtained from B by identifying D1 = D × 1 with
D0 = D×0 via a reflection along the diameter of D joining l1 and l2. We claim that
S′ = S ∩B is an incompressible surface in B. To see this let E0 be a compressing
disk of S′ in B. After an isotopy we may assume that E0 does not intersect D0,
i.e., E0 lies in the interior of B. As S is incompressible so there exists a disk E1

in S with ∂E1 = ∂E0. But as S does not intersect D0 in any circles, so interior of
E1 is disjoint from ∂B, i.e., E1 ⊂ S ∩ B = S′ which contradicts the fact that ∂E0

is essential in S′. Therefore S′ is incompressible in a ball and hence is a disjoint
collection of disks. Note that S can be reconstructed from S′ by identifying arcs
of S′ ∩D1 with their reflections in S′ ∩D0. We now analyse the system of arcs in
S′ ∩D1.

Case I: S′ ∩D1 contains an outermost arc with endpoints on distinct copies of
d. Such an outermost arc cuts off a compressing disk E from D1 which satisfies the
conditions of Lemma 3.4, so S is a boundary-parallel annulus. As ∂S is vertical
so there exists a boundary-relative isotopy that takes S to a vertical surface. See
Figure 2 (iii).

Case II: S′ ∩ D1 contains an outermost arc with both end points on the same
curve d. Let d′ and d′′ be the two vertical arcs given by the intersection of S′

with ∂D × I ⊂ ∂B. Let α1 = S′ ∩ D1 be an arc in D1 connecting d′ and d′′

and let α0 = S′ ∩D0 be its reflection in D0 which also connects d′ and d′′. Then
γ = α0 ∪ α1 ∪ d′ ∪ d′′ is a closed curve in ∂S′. So S′ is a single disk with boundary
γ. But as α0 is identified with α1 via a reflection in S and S is connected so S
is a boundary-parallel Mobius strip with boundary d as in Figure 2 (ii). Again as
∂S is vertical so there exists a boundary-relative isotopy that takes S to a vertical
Mobius strip.

Case III: S′ ∩ D1 does not contain any outermost arc with both end points on
copies of d. Any outermost arc of S′ ∩D1 must have an end point on either l1 or l2
so there are at most two such arcs. If there is only one outermost arc α1, with end
points on both l1 and l2 then its reflection on D0 is an arc α0 that also joins l1 and
l2. Arguing as in Case II then S′ is a disk with boundary α0 ∪α1 ∪ l1 ∪ l2. As α0 is
identified with α1 via an orientation-preserving map in S and S is connected so S is
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d′k l2 d′′k
d′′k−1
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Figure 3. The pattern of arcs in (i) U = S∩D1 and its reflection
(ii) L = S ∩D0

l1

d′1

d′2 d′′2

d′3

l2

d′′1

d′′3

β1 γ1

β0
γ0

Figure 4. Shaded disk S′ in B containing the vertical arcs of l1,
l2, d1, d2 and d3 (i.e., k = 3). The dashed curve represents the
boundary of a compressing disk of S.

an annulus with boundary components l1∪ l2, as in Figure 2 (iv). The complement
of l1 ∪ l2 in ∂F is connected so such an annulus is one-sided.

Assume that there are two outermost arcs in S′ ∩D1, one of which has an end
point on l1 and the other has an end point on l2. Let ∂S = l1 ∪ l2 ∪ (∪ki=1di) for
some k ≥ 1. Then the pattern of arcs U on D1 is as in Figure 3 (i) with outermost
arcs from a point in l1 to d1 and l2 to dk, and parallel arcs from points in di to di+1.
The pattern of arcs L on D0 is a reflection across the diameter l1l2 of the pattern
U (see Figure 3 (ii)). Each boundary component di of S splits into two vertical
arcs in S′, with the vertical arc on the left of the diameter l1l2 in D1 denoted by
d′i and the vertical arc on the right by d′′i and ordering of the d′i and d′′i given via a
path on ∂D1 from l1 to l2. The boundary of S′ alternates between the horizontal
arcs in U , the vertical arcs l1, l2, d′i or d′′i and the horizontal arcs in L.

To see that ∂S′ is connected we trace one such curve starting with l1. If k is
odd then starting from l1, ∂S′ traces the following vertical arcs in the given order
l1, d′1, d′′2 , d′3, d′′4 , ..., d′k, l2, d′′k , d′k−1, d′′k−2, ..., d′′1 and back to l1. If k is even then
starting from l1, it traces out the vertical arcs d′1, d′′2 , d′3, d′′4 , ..., d′′k , l2, d′k, d′′k−1,
d′k−2, ..., d′′1 and back to l1. In either case it runs through all the vertical arcs of
∂S′ and it is therefore connected. Hence, S′ is a single disk.
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Let E be the disk in the sphere ∂B bounded by ∂S′ which contains the disk cut
off from D1 by the outermost arc l1d

′
1 (see Figure 4). Note that S′ is a disk in B

parallel to E. To reconstruct S from E we need to push the interior of E into the
interior of B and identify U with L, i.e., identify the horizontal arc l1d

′
1 in U with

its reflection l1d
′′
1 in L, the arcs d′′i d

′
i+1 in U with d′id

′′
i+1 in L and the arc d′′kl2 with

d′kl2 if k is odd (d′kl2 with d′′kl2 if k is even).
When k = 1 then S is a pair of pants with boundary l1 ∪ l2 ∪ d. To see this

observe that E is an octagon with ∂E composed of the arcs l1, l1d
′ in U , d′, d′l2 in

L, l2, l2d
′′ in U , d′′ and d′′l1 in L (see Figure 2 (v)). Identifying the horizontal arcs

l1d
′ with l1d

′′ and d′l2 with l2d
′′ gives a pair of pants. Any simple closed curve in

a pair of pants is isotopic to one of its boundary components. But as l1, l2 and d
(the boundary components of S) are all fibers and therefore non trivial in F so S
does not have any compressing disk in F .

We shall show that if k > 1 then S does in fact have a compressing disk which
contradicts the incompressibility of S. As before, let E be the disk in ∂B parallel
to S′ (see Figure 4). Let G be the disk in ∂D×I cut off by d′1∪d′2 and ∂D×{0, 1}.
The boundary of G consists of the vertical arcs d′1, d′2 and the horizontal arcs βi in
∂D × {i} connecting d′1 and d′2 (which do not pass through li). Observe that the
arcs γi joining d′′1 and d′′2 in ∂Di (which do not pass through l1 and l2) lie in E. As
S′ is parallel to E we may assume that γ1 and γ2 lie in S′. After identifying D1

with D0 in F , γi is identified with βi and so G ∩ S = ∂G. To see that ∂G is essen-
tial in S observe that it intersects the horizontal arc l1d

′
1 in U exactly once. As it

intersects a properly embedded arc of S exactly once so it can not bound a disk in S.

Suppose that S is not connected. We have shown that each component of S is
isotopic to one of the five possibilities listed in the statement of this Lemma. We
now argue that a single isotopy can be used to simultaneously make horizontal or
vertical all the components of S which are not a pair of pants.

If any component of S has horizontal boundary, then it intersects any vertical
curve. So if one component of S is isotopic to a horizontal disk then S is a union
of disks that can be isotoped to be horizontal. Hence there exists a single isotopy
of F that makes all components of S horizontal.

Assume that no component of S has horizontal boundary. If a component C of S
is a boundary-parallel annulus with boundary two copies of d, then its complement
in F is a solid Klein bottle containing l1 and l2 and a solid torus T . The only
components of S that can lie in T are other annuli parallel to C. Assume that C
is the innermost such annuli. There is an isotopy defined in a neighbourhood of T
which takes C into ∂F . Push the interiors of these annuli back into the interior of F
to get an isotopy that fixes all other components of S and takes all the annuli in T to
vertical surfaces. Repeating this process for all boundary-parallel innermost annuli
we get an isotopy fixing ∂F and taking all boundary-parallel annuli to vertical
surfaces.

We now take the solid Klein bottle F ′ in the complement of these boundary-
parallel annuli. And let C be a component of S that is a boundary-parallel Mobius
strip in M ′. Such a component intersects any surface whose boundary contains l1
and l2, so the only remaining components of S in F ′ are similar boundary parallel
Mobius strips. A single isotopy of F ′ exists that takes all such components to
vertical surfaces while fixing the boundary of F ′.
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As the one-sided annulus and one-sided pair of pants have intersecting boundaries
so there can be at most one such component. If a component C of S in F ′ is a
one-sided annulus with vertical boundary, then there is an isotopy of F ′ fixing the
boundary which takes C to a vertical surface. Combining all these isotopies gives
an isotopy which takes S to a vertical surface. �

Corollary 3.11. Let M be the fibered manifold N × S1 or N×̃S1. Let S be a
connected incompressible surface in M . Assume that for some t0 ∈ S1, S∩ (N× t0)
is horizontal or vertical and that ∂S is either horizontal or vertical in ∂M . Then
S can be isotoped fixing ∂S to be either horizontal or vertical or a one-sided once-
punctured torus with vertical boundary when M = N × S1 or a one-sided once-
punctured Klein bottle with vertical boundary when M = N×̃S1.

Proof. Let N be a fibered Mobius strip I×I/(x, 0) ∼ (1−x, 1) and let r denote the
reflection of N along the arc I× 1

2 . The manifold M can be obtained from K = N×I
by identifying N1 = N × 1 with N0 = N × 0 via the identity if M = N × S1 or via
the reflection r if M = N×̃S1. In either case, the fibration on ∂M is induced by
the circles ∂N × t. We may assume that S is either disjoint from or transversely
intersects the mobius strip N × t0 which we identify with N = N0 = N1.

Let S′ = S ∩ K. Assume that S′ has a compressing disk D in K. As S is
incompressible so there exists a disk D0 ⊂ S with ∂D0 = ∂D ⊂ int(K). As ∂D
is non-trivial in S′ so D0 intersects N in some closed curves. This contradicts the
fact that S ∩N is horizontal or vertical. Therefore S′ is incompressible in K.

The fibration of the Klein bottle ∂K (given by the fibration of ∂M and N) is
a union of curves parallel to d, the curve l1 and the curve l2. By assumption, ∂S′

is either horizontal or vertical in ∂K. Applying Theorem 3.10 to S′, we know that
each component of S′ is either a horizontal disk (meridian disk of the solid Klein
bottle K), vertical annulus, vertical Mobius strip or a pair of pants with boundary
curves l1 ∪ l2 ∪ d.

A horizontal disk of K intersects any surface in K which has vertical boundary
curves, so if a component of S′ is horizontal then S′ is a collection of horizontal
disks attached in pairs along arcs on their boundaries. As it is a covering space of
an annulus which is the base space of M so S′ must be a horizontal annulus.

If S′ is a collection of vertical annuli or Mobius strips then S is obtained from
S′ by attaching them along their boundaries. So S is a vertical annulus, Mobius
strip, torus or Klein bottle.

At most one component of S′ is a pair of pants. Assume that some component
C of S′ is a pair of pants. The boundary components l1 and l2 of C are identified in
S when N1 is stuck to N0 via the identity or via the reflection map r. If the third
boundary component d of C lies on ∂M , then S is obtained from a pair of pants
by identifying two of the boundary curves l1 and l2 via identity if M = N ×S1 and
reflection if M = N×̃S1. S is therefore a one-sided punctured torus with vertical
boundary when M = N × S1 and a one-sided punctured Klein bottle with vertical
boundary when M = N×̃S1.

Assume that the third boundary component d of C lies on N . A boundary
parallel Mobius strip in K separates l1 and l2 and therefore must intersect C.
So by Theorem 3.10 the component of S′ that meets the pair of pants along the
curve d on N must be a vertical annulus with boundary two copies of d. If both
these boundary components lie on N then by the same reasoning it is adjacent to
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another vertical annulus. Repeating this argument finitely many times, we get a
vertical annulus with one boundary curve d attached to the boundary of the pair
of pants and the other boundary curve a fiber of ∂M . S is therefore obtained from
a pair of pants by identifying two of the boundary curves l1 and l2 via identity if
M = N × S1 and reflection if M = N×̃S1 and by identifying the third boundary
curve to a boundary component of a vertical annulus. And so again S is a one-
sided punctured torus with vertical boundary when M = N × S1 and a one-sided
punctured Klein bottle with vertical boundary when M = N×̃S1.

�

We now prove Theorem 1.4 by replicating the proof of Theorem 4.1 of Rannard[Ran96],
with modifications to take into account singular surfaces and boundary components.

Proof. As M contains an essential surface so it is not S2×S1, S2×̃S1 or RP3#RP3.
So M is a solid torus, solid Klein bottle or an irreducible manifold with incompress-
ible boundary. Isotope S to have minimal complexity in its isotopy class. After
a further isotopy of S near each E ∈ E using Lemma 3.2, we may assume that it
is well-embedded. Let M1 denote the disjoint union of model neighbourhoods of
the singular surfaces and let M0 = M \M1. If M0 is empty, then M is a either
N × I, N × S1 or N×̃S1 and so by Corollary 3.11 M , S can be isotoped to be
pseudo-horizontal or psuedo-vertical. Assume that M0 is non-empty.

When M1 is non-empty, let P = ∂M0 ∩ ∂M1 be a properly embedded surface
that is a union of some E ∈ E . So by Lemma 3.8, S ∩M0 is an incompressible
surface in M0.

By Theorem 3.9 for each solid torus F ∈ F , there exists an isotopy pointwise
fixing ∂F and taking S∩F to either a union of vertical annuli, a union of horizontal
disks or a once-punctured non-orientable surface. Combining these isotopies we get
an isotopy of S that pointwise fixes E and takes S to a well-embedded surface
that intersects each solid torus F ∈ F in vertical annuli, horizontal disks or a
once-punctured non-orientable surface.

Case I: For some solid torus F ∈ F , a component of S∩F is a boundary-parallel
vertical annulus.

As S is well-embedded, it intersects ∂F in a union of fibers. Suppose there exists
a solid torus F ′ that is adjacent to F along some E ∈ E that intersects S. If F ′ is
a regular solid torus then by Theorem 3.9 and the fact that fibers are longitudes
of regular solid tori, S ∩ F ′ must also be a vertical annulus. If F ′ is a non-regular
solid torus then as slopes at singular fibers can not be infinite so fibers can not be
the boundary of a meridian disk. Therefore S ∩ F ′ is either a vertical annulus or a
once-punctured non-orientable surface. So S∩ (F ∪F ′) is a pseudo-vertical surface.
Repeating this argument for adjacent solid tori we can conclude by induction that
S ∩M0 is a pseudo-vertical surface with vertical boundary in ∂M0.

Case II: For all solid tori F ∈ F , S ∩ F consists of horizontal disks and once-
punctured non-orientable surfaces.

Fix a solid torus F0 ∈ F . Suppose that for some regular solid torus F ∈ F , S∩F
is a punctured non-orientable surface. There is a path of regular solid tori from F
to F0. We will use Lemma 3.7 repeatedly to reduce the intersection of S with each
solid tori in this path (except possibly F0) to meridian disks.

Let F ′ ∈ F be a regular solid torus adjacent to F along some E ∈ E . By Lemma
3.7, we may compress S along E finitely many times to reduce S ∩F to a meridian
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disk. These compressions give local isotopies that change S only in the interior of
F ∪F ′. As these isotopies fix S ∩V so the complexity ξ(S) does not change and so
S is still of minimal complexity. By Lemma 3.2, after an isotopy near E in F ∪F ′,
S is a well-embedded surface. Repeat this process along a path of regular solid
tori from from F to F0. Eventually the surface S is isotoped to a well-embedded
surface that intersects each regular solid torus in meridian disks. As S intersects
∂F0 horizontally so by Theorem 3.9, S ∩ F0 must be a non-orientable surface or a
union of meridian disk.

If M has an isolated singular fiber, then take F0 to be a non-regular solid torus
containing such a fiber so that S ∩M0 becomes a pseudo-horizontal surface in M0

with horizontal boundary in ∂M0. If M has no isolated singular fibers then by
assumption it must have singular surfaces, i.e, M1 is non-empty. Take F0 to be a
regular solid torus that intersects ∂M1 along some E0 ∈ E . Assume that S ∩ F0

is a once-punctured non-orientable surface. By Lemma 3.7, repeated boundary
compressions of S ∩ F0 along E0 reduces S ∩ F0 to a meridian disk and such an
isotopy does not change ξ(S). Again the surface S ∩M0 has been isotoped to a
pseudo-horizontal surface in M0 with horizontal boundary in ∂M0.

If M1 is empty, then we have shown that S is a pseudo-horizontal or pseudo-
vertical surface. When M1 is non-empty, take P = ∂M0 ∩ ∂M1 and by Lemma
3.8, S ∩M1 is an incompressible surface. By Lemma 3.2, there is an isotopy in
a neighbourhood of E ∈ E which makes S a well-embedded surface. By Theorem
3.10 and Corollary 3.11, when S ∩ P is vertical as in Case I, for each component
W of M1, S ∩W is either vertical, a pair of pants (when W = N × I), a once-
punctured torus (when W = N × S1) or a once punctured Klein bottle (when
W = N×̃S1). Therefore S is a pseudo-vertical surface in M . And when S ∩ P is
horizontal as in Case II, then S ∩M1 must be a horizontal surface. And therefore
S is a pseudo-horizontal surface in M .

�
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