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Preface

This report is based on the contents of [1], with §2 and §3 based on the respective chapters in [1].
§4 contains sketches of solutions to some exercises from [1]. In §2, the order in which topics are
covered differs significantly from chapter 2 of [1]. The most prominent example of this is that the
Mayer-Vietoris sequence is discussed before relative homology and the excision theorem (contrary
to the approach taken in [1]). Furthermore, the present proof of the Mayer-Vietoris sequence is a
polished version of the proof I produced early on in the project. My proof of the equivalence of
simplicial and singular homology using the Mayer-Vietoris sequence is furnished in §2.3.1.

In certain places, some simple but important results not covered in [1] have been added. For in-
stance, the introduction to §2 includes a discussion regarding how the signs in the formula for the
boundary of a singular simplex relate to orientation. Another instance is proposition 2.21, which
indicates how rotations of the S™ can aid in calculating local degrees of maps S™ — S™. In §2.6,
great care has been taken to minimise abstract identifications which can be tricky to unpack at the
level of concrete examples, particularly in the cellular boundary formula (theorem 2.26).

The proof of the universal coefficient theorem for cohomology is my own, although it is mostly sim-
ilar to that in [1]. Once again, significant emphasis has been placed on minimising identifications
so as to keep the discussion grounded. The discussion of free resolutions has been greatly simplified
by omitting algebraic details which are not necessary for a topology-centeric viewpoint.

My philosophy while writing this report has largely been to cover only those topics regarding which
I have something non-trivial to add — a different proof, a discussion of the underlying intuition or
an exposition which I believe to be better. Consequently I have omitted proofs of several algebraic
lemmas and the discussion of the axioms for homology, where I have nothing to add to the discussion
already present in [1].

Pranjal Jain
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1 Introduction

‘Homology’ and ‘cohomology’ are ways of associating algebraic homotopy invariants (abelian groups,
rings and modules) to topological spaces and, loosely speaking, capture information about ‘holes’
in these spaces. From an algebraic point of view, the broad idea for homology is the following.
Given a topological space X, we first associate an abelian group, say C,,, to X in each ‘dimension’
n > 0. For n < 0 we set C};, = 0. These groups generally have a simple structure, and are not
homotopy invariants. A ‘boundary map’ 0, : C,, — C,_; is then constructed, which generally
captures a natural way of going one dimension down. This map satisfies 9,,_19, = 0, or simply 9.

The resulting sequence

871—1

On
> Cphop ——

8+1
s O,

is called a chain complex, owing to the condition 9% = 0. This condition is equivalent to saying
that im(0,+1) C ker(9,), and so we now consider the groups H, := ker(9,)/im(0,,1) (called the
homology group of the chain complex in dimension n). These homology groups then turn out to
be homotopy invariant, and the broad goal of homology theory is to study these groups and the
information they contain about the space X. This construction is natural and covariant, in the
sense that a continuous map f : X — Y between topological spaces induces group homomorphisms
from the homology groups of X to those of Y in each dimension.

The cohomology groups are constructed in a similar way, except that the analogues of the boundary
maps go up in dimension (from dimension n to n + 1). This construction is also natural, although
it is contravariant — a map f : X — Y induces group homomorphism from the cohomology groups
of Y to those of X in each dimension.



2 Homology

The most general form of homology, called singular homology, attempts to make precise the idea of
capturing ‘holes’ of various ‘shapes’ in a topological space X. This is done using a procedure which
effectively boils down to considering equivalence classes of maps from spaces called A-complexes to
X, obtained by gluing simplices together along their faces. The equivalence relation in question is
loosely described by saying that two such maps are considered equivalent if the ‘gap’ between them
can be ‘filled in” with a A-complex of one dimension higher.

Let A™ be the standard n-simplex, viewed as the convex hull of the basis vy,...,v, € R*!
obtained by scaling the standard basis by a factor of % The reason for this scaling is so that
v; —v; = 0;5, i.e. the standard simplices have side-length 1. Throughout this report, we will use v; to
denote the vertices of the standard simplices. A k-face of A", for 0 < k < n is an affine linear map
AF — A" which takes the vertices of vy, ..., v; of A¥ injectively to vertices of A™. Hence, we may
denote a k-face of A" by [v;,, ..., v;,], where v; is mapped to v, by the face. More generally, if Y is
a convex space and ag, ...,a, € Y, the map [aq,...,a,] : A" — Y is defined to be the affine-linear
map taking v; to a;.

A singular n-simplex ¢ in X is a continuous map ¢ : A" — X and a singular n-chain is a
formal Z-linear combination of singular n-simplices. Denote by C,,(X) the free abelian group of
singular n-chains. For n > 1, given a singular n-simplex ¢ : A" — X we define its boundary 0,0 as

0,0 = Z(—l)icﬂ[vo, ey Uy ey U

%

where ol|[vg,...,0;,...,v,] is defined to be the (n — 1)-singular simplex o o [vg,...,0;, ..., 0] :
A"t — X. For n = 0, we simply define dyo = 0. If the choice of X is not clear, we may write 9:X
to denote the boundary operator for X.

Before continuing the construction of singular homology, we make a digression to provide the mo-
tivation behind the signs in the above definition, which have to do with the orientation induced on
OA"™. Orient int A™ with the ordered basis (v; — vy, ..., v, — 1) of the tangent space at every point
and fix 0 < i < n (a slight modification of the following argument will work for ¢ = 0). The basis
(v — vg,...,U, — V) is oriented the same as

(=1)"(vo — vi, v1 — g, - . . U7 — Vg, Uy — o)
which in turn is oriented the same as
n
> —_—
(=1)" | n(ve — v;) + Z(vj — Vg), V1 — Vg, - - -, Vi — Vg, Up, — Vg

j=1
J#i



Now, at a point in int conv (vo, ..., 0;, ..., v,), the vector

%Z’Uj —UZ'—%Z(’U]‘—UI‘)

3 7,

J# JF
points outward. Hence, the orientation on int conv (vy, . .., %;,. .., v,) induced by int A™ is the same
as

(]
(—1) (’Ul —Voy...,U; —'Uo,...,'Un—’Uo)
. —_ . . . . A
Finally, we observe that (vi—vg, ..., v; — vg, ..., vV,—0g) gives the orientation on int conv (vg, ..., 7;, . ..
) 05 ) 05 ) 0 . 0 » Uiy

induced by [vg, ..., ¥;,...,v,]. Hence, a factor of (—1)" accounts for the discrepancy in these two
orientations on int conv (vg, ..., Ui, ..., Uy).

We now return to the construction of singular homology. By extending 0,, Z-linearly, we obtain the
following diagram.

Oy 0n(X) =2 O (X)) 2 0 op(x) —2s 0

It follows from a straightforward calculation that 9, 1 0 0,, = 0 for n > 1, so the above is a chain
complex. The n-th singular homology group H,(X) is defined to be the n-th homology group of
this chain complex.

ker 0,

m 8n+1

H,(X):=

Given a cycle o € ker 9, its class in H,(X) is called its homology class and will be denoted by
[o]. If the choice of X is unclear, we will write [o]x instead. A continuous function f : X — Y
induces a homomorphism

S 2 Cu(X) = Cu(Y); 2omio; = 3 oni(f 0 03)
It is clear that f4.0 = Ofy, i.e. the following diagram commutes.

2 X)) 2 O (X)) 2

I |1+

2 oY) 2 O (YY) 2

Such a map fy is called a chain morphism, and it is easy to see that it naturally induces a
homomorphism

fe i Ho(X) = Ho(Y); [0] = [f30]

The following follows easily from the definitions.



Proposition 2.1. For continuous maps f : X —Y and g:Y — Z, we have

o (f9)# = fags and (fg). = figs.
® (idx)# = ian(X) and (idx)* = idHn(X)'
o If f is a homeomorphism, then fu and f. are isomorphisms.

We now return to the initial idea of studying maps to X from spaces obtained by gluing simplices in
order to study holes in X, and how that relates to the above construction of the homology groups.
Given a cycle € € C,(X), we can write it as > ¢;0; where ¢, = £1 and the o;’s are singular simplices.

Make a copy A} of A™ corresponding to each o;, with Al' oriented in the usual way if ¢, = 1 and
opposite to the usual way if ¢, = —1. Hence we have a map | |o; : | JA? — X. Since 0¢ = 0, this

map factors through a quotient K, of |_| A" which is obtained by gluing (n — 1)-faces of the A"’s

(2
to each-other in pairs so that each (n — 1)-face is glued to precisely one other face (and these two
faces cancel in the expression for 0¢).

Note that for a given £, K may not be unique. Note also that K¢ is locally homeomorphic to R™ at
points in the interior of n- and (n — 1)-simplices of K¢, although this may not be the case at points
in interiors of simplices of smaller dimension. The orientations of adjacent n-simplices transition
consistently through the glued faces, which can be seen using the preceding discussion about the
signs appearing in the definition of the boundary map. Hence, removing all k-simplices of K, for
k <n — 2 yields an orientable manifold.

2.1 A-complexes and simplicial homology

The preceding construction of K¢ motivates the following definition. For a topological space X,
a A-complex structure on X is a collection of maps (called characteristic maps) ¥ = {0, :
A" — X | o} satisfying the following.

1. 04|int A™ is injective and the images of these restrictions form a disjoint cover of X. Here,
we take int A% = AV,

2. O'a’[vo, c. ,ﬁi, c. ,’Un] €.
3. The topology on X is the finest topology which makes all o,’s continuous.

X is said to be an n-dimensional A-complex if it is non-empty and is covered by its n-simplices.
Hence, an n-dimensional A-complex has no simplices of dimension > n and every simplex of di-
mension < n is a face of an n-simplex.

It is now clear that K¢ as constructed previously is an n-dimensional A-complex with the obvious
A-complex structure. For A-complexes, there is a homology theory similar to but simpler than



singular homology, called simplicial homology. For X a A-complex with a A-complex structure as
above, let A, (X) to be the free abelian group generated by those o, for which n, = n. Define
the boundary map 0, : A,(X) — A,_1(X) on the basis elements in the same way as in singular
homology and extend Z-linearly.

n

On0q 1= Z(—l)”aava, ey Uy ey U]

1=0

By the second condition in the definition of A-complex structure, the image of 9,, is indeed contained
in its codomain. Once again we observe that 0, 10, = 0, so we obtain a chain complex:

L AL s AL (X)) s 2 AX) 250

The homology groups H2(X) of this chain complex are called the simplicial homology groups
of X. The homology class of a cycle ¢ € A, (X) is denoted by [0]2, or [o]% if the choice of X is not
clear. For a finite A-complex, it is clear that the simplicial homology groups are finitely generated
(since Z is a PID), but this cannot be said as easily for the singular homology groups. However, it
is not obvious whether two different A-complex structures on X will always give rise to isomorphic
simplicial homology groups (i.e. whether simplicial homology is a topological invariant), whereas we
were easily able to show that the singular homology groups of homeomorphic spaces are isomorphic.

We have A, (X) C C,(X) and the simplicial boundary map is just a restriction of the singular
boundary map, so if two simplicial n-cycles yield the same simplicial homology class then they also
yield the same singular homology class. Hence, we have a canonical homomorphism

H}(X) = Hy(X); [0]% = [0]

2.2 Homotopy invariance of singular homology

We previously showed that singular homology groups are invariant under homeomorphism. We in
fact have a stronger (and expected) result.

Theorem 2.2. If f,g: X — Y are homotopic maps, then f, = g..
Corollary 2.3. If f: X — Y is a homotopy equivalence then f, is an isomorphism.

Proof. Let g : Y — X be the homotopy inverse of f. Hence, by theorem 2.2 and proposition 2.1
we see that f, and g, are inverses of each other. O]

To prove theorem 2.2, we first motivate the geometry behind the argument. Let o : A™ — X be
a singular simplex. If H : X x [0,1] — Y is a homotopy from H(-,0) = f to H(-,1) = g, then we
obtain a map

c:=Ho (O‘ X id[()’l]) A" X [O, 1] —Y



which equals frzo on A™ x {0} and ggo on A™ x {1}. Observe that
O(A™ x [0,1]) = A" x {0} UA"™ x {1} UOA™ x [0, 1]

with A™ x {0} and A™ x {1} having opposite induced orientations. Suppose we construct a method
of subdividing A™ which respects this decomposition, i.e. we construct a singular (n + 1)-chain
€ € Cpy1(A™ x [0, 1]) satisfying the condition that 0¢ can be written (loosely speaking) as

(A" x {1}) — (A" x {1}) & (subdivision of faces of IA™ x [0, 1]) (1)
Hence, left-composing ¢ yields
0(6€) = gyo — fro £ (subdivision of | OA™ x [0, 1])
Hence, if A € C,(X) is a cycle then applying the above idea to A term-wise yields

im(aiirl) S guA — fa

since OA = 0. It would then follow that g.[\] = f.[)\], as desired. The following formal proof makes
the above precise.

Proof of theorem 2.2. Let H be as above. Let u; = (v;,0) and w; = (v;, 1) be vertices of A™x [0, 1].
Define P : C,(X) — C,41(Y), the prism operator, on a singular simplex o as follows and extend
Z-linearly to C,(X).

Po := Z(—l)i&\[. Uiy Wiy e Wy

This definition is motivated by an inductive viewpoint, since for n = 0,1 it is easy to make the
preceding idea of subdivision precise. Careful but mundane computation shows that P satisfies the
following identity, reminiscent of (1).

OP = gy — [y — PO

Hence, if A € C,,(X) is a cycle then we see that gzA — fx\ is a boundary, and hence g.[A] = f.[A]
as desired. O

More generally, given any two chain complexes A, and B, and chain morphisms ¢,v¢ : A, — B,
between them, a map ® : A, — B, is called a chain homotopy between ¢ and 1 if

0D + 0 =1 — &

¢ and 1 are said to be chain homotopic if there is a chain homotopy between them, and chain
homotopic maps produce the same homomorphisms on the homology groups.



2.3 Barycentric subdivision and the Mayer-Vietoris sequence

The goal of this subsection is to prove the following theorem, which is often a useful computational
tool.

Theorem 2.4 (Mayer-Vietoris sequence). Let A, B C X so that int AUint B = X. Then we have
an eract sequence

. —— H(ANB) —2 H,(A) & H\(B) —*— H,(X) —2— H, (AN DB)

J

0 ——— Ho(X) +—"—— 7.
For convenience, set C' = AN B. The map 0 will be defined later. ¢ and 1 are defined as follows.

¢ : [1]c = [u]a @ -1
Vo (pla®@t]s = [u+Tlx

It is immediate that these maps are well-defined. The key idea in the proof of the theorem is to
subdivide a cycle (by subdividing each singular simplex) in a way which does not change its homol-
ogy class, and then use the Lebesgue number lemma. To do this, we first establish some notation.
Let Y be a convex space and denote by LC,(Y) the free abelian group generated by affine linear
singular n-simplices in Y. Hence, every singular simplex in LC,,(Y) is given by [aq, . . ., a,] for some
agy -+, 0n €Y.

Points b € Y may (uniquely) be identified with a homomorphism
b: LC,(Y) — LC,1(Y); [ag, ..., a,) — [b,ag, ..., a]
Observe that
0b =id — b0 (2)
so b is a chain homotopy between id;¢, vy and the 0 chain map. For A = [ay, ..., a,] € LC,(Y), let

by € Y be the barycenter of A, i.e.

n

1
o2 2:n+12&¢

1=0

We now define the barycentric subdivision operator S : LC,(Y) — LC,(Y). For n = 0, let
S =idrcy(vy. For n > 1, we define S recursively. For A € LC,,(Y) a singular simplex we set

SA:=0byS 0\
and extend Z-linearly to LC,,(Y). Hence, (2) yields
OSA=S0XN—0b,0S0A\



Now, observe that 050 = 0 for n = 0 (since dy = 0). Hence, if
OX = (-1)'\
i=0

for \; € LC,,_1(Y), then inducting on the dimension n we obtain
OSA = SOX — by (05)0A
= SOX = DA(SO)ON +by Y (1) b, (9SO)\;
—_—— —_——

)

0, since 92 =0 0, since 350=0
in dinnzsilsion

= SO\ (3)
Hence, we see that S is a chain morphism. Geometrically, S decomposes A" into several smaller
simplices and then applies A to each ‘piece’ in the decomposition. For every permutation iy, ..., %,
of {0,...,n}, a unique simplex in the decomposition is spanned by the barycentres of the decreasing
sequence of simplices starting at [vg, ..., v,] and removing v;,, ..., v;;_, to obtain the j-th element of
the sequence (0 < j < n). Conversely, every simplex in the decomposition yields a unique permuta-
tion of {0,...,n}. In other words, every permutation yields a unique simplex in the decomposition
with vertices

1 n j—1
m (;Uz—kz:;vik> , ] —O,...,TL

and conversely. These simplices then inherit orientation from A™. It can be verified that this ge-
ometric description for the algebraic definition of S is accurate by induction on the dimension. A
more formal (but weaker) statement is that SX is a Z-linear combination of singular simplices given
by restrictions of A to simplices obtained from permutations as above (upto ordering of vertices).

By endowing Y with the metric of the ambient Euclidean space, we claim that the diameter of the
image of every singular simplex appearing in the expression for S\ is at most

] diam(\)

To see this, we use induction on n (for n = 0 the claim is trivial). If the claim is true for n — 1 then
it suffices to show that the distance of by from any point in X! is at most

diam(\)

n+1
since any singular simplex in the expression for S\ is obtained by applying b, to a singular simplex
in the expression for A. Hence it suffices to show that
n

— <
s =A@ < —

diam(\) Vo € A"

'Here we are slightly abusing notation by using O\ to refer to the union of the images of all singular simplices in
the expression for A. This may or may not be the same as the boundary of the image of .

10



Letting A = [ug, ..., u,] and = 77 x;v; we have

n 2

1
Iy = 2@ = |3 (7~ o)
= n-+1
: n+1 J n+1 7 ‘ n+1 J J
0<j<k<n e

This is a subharmonic function, so by the strong maximum principle it attains its maximum for x
a vertex of A". Hence we see that

1bx = Al) || < max by — ui

0<i<n
1
n+1§:Wf—M)

j=0

diam(\)

= Inax
0<i<n

“n+1

. n F
lim =0

Lemma 2.5. For ¢ > 0, let LC5(Y) be the free abelian group on affine linear singular simplices
whose images have diameter less than €. Then for every € > 0 and singular simplex A € LC,(Y)
there exists k € N such that S¥X\ € LCE(Y).

as desired. Now clearly

so we obtain the following.

Given a singular simplex o € C,(X) we define So as 0.(S [vy,...,v,]), where we take Y = A"
in the above discussion with ¢ : ¥ — X a continuous function. S is then extended Z-linearly to
Cn(X). By (3), it follows that S : C,,(X) — C,(X) is a chain morphism.

Lemma 2.6. S : C,(X) = C,(X) is chain homotopic to ide, (x). In particular, o and Sa have the
same homology class for every cycle a € C(X).

To prove the above, we wish to construct a chain homotopy 7" : C,,(X) — Cy41(X) satisfying
T +T0=5—id (4)

For this, we must construct a way to subdivide A™ x [0, 1] into simplices so that the ‘bottom’ n-face
A" x {0} is not subdivided whereas the ‘top’ n-face A™ x {1} is subdivided as per the barycentric
procedure. Furthermore, for any two (n—1)-faces A and X’ of A" the subdivision should be, in some
sense, ‘the same’ on A x [0,1] and A x [0,1]. This can be done inductively as follows. One piece
in the subdivision will be banyq13(A x {0}), and the remaining region is subdivided by applying
banxq1y to the subdivision of JA™ x [0,1]. To then define T'c for a singular simplex o € C,,(X), we
push forward the subdivision of A™ x [0,1] via o x idp : A" x [0,1] = X.

11



Proof of lemma 2.6. To make the above precise, we first define T': LC,(Y') — LC,+1(Y) satisfy-
ing (4) for a convex space Y. For n = 0 define T'[p] = [p, p] for every p € Y and extend Z-linearly,
so both sides of (4) are 0. For n > 0 and A € LC,,(Y) a singular simplex, define

TA :=by\(=TON = \)
and extend Z-linearly. To see that T satisfies (4), we use induction on n.
OT\ = 0by\(—TON — \)

=b)\(OT(ON) + OX) = TOXN — A

= by =TO(ON) +SOX — ON] + b\OX — TOX — X (by induction on n)
—_———
0, since 82 =0

= bSO\ —TON — A

= SA —TOMN — X (by recurrence for S)

Now, given a singular simplex o € C,,(X) we take Y = A" in the above and define
To :=0o.T|vy,..., v
and extend Z-linearly. O

For a singular simplex o € C,,(X), the sets o~ !(int A) and o~ !(int B) form an open cover of the
compact set A". By the Lebesgue number lemma together with lemma 2.5, we have the following,

where C,(A+ B) := C,(A) + C,(B).
Theorem 2.7. For any n-chain p € C,(X) there exists k € N such that S*u € C,(A + B).

We will now build up to the definition of 0 in theorem 2.4. For an n-chain p € C,,(X), let k()
be the smallest k£ € N given by theorem 2.7 (note that k() > k(Ou) but equality may not always
hold). Let p : C,(X) — C,(A) be the projection which fixes singular simplices in C,(A) and sends
all other singular simplices to 0. Let gy = po S*®Wy and pup = S* Wy — py (note that dus and
(O) 4 are not the same in general). Hence for k > k(u) we see that (S*u)4 = p(S*u). In particular,
if W' € C(X) and k > k(u), k(u') then

(S +p))a = (S*pw)a+ () (5)
Define § : ker(9X) — H,,_1(C) on n-cycles by

op = [Opalc

We claim that ¢ factors through a map H,(X) — H,_1(C), which we define to be 9. First we check
that ¢ is a well-defined homomorphism. Observe that Ouu + Oup = 0S¥y = 0, so

Cnfl(A) = a,LLA = _a,U/B € Cn71<B)

This yields
8,uA € Cn_1<A) N Cn_l(B) = On_l(C)

Hence ua € C,_1(C). Also, Ouy is a cycle since 9> = 0. To prove that § is a homomorphism, we
require a lemma.

12



Lemma 2.8. [0(S*u)alc = 6(p) for all k > k(p).
Proof. Let r = k — k(u). We have
(S*1)a — 8" pa = (S™(S* W p))a — S"1ia
= (5" (uA +pp))a—S"pa
= (5"1B)a

Since S"up € Cy,(B), we have
(S* )a — S"pa = (S"up)a € Cu(A) N Cu(B) = C,(C)

This yields

[0(S* 1) ale = [05" palc
[S"Oua)c (since S is a chain morphism)
[Opale (by lemma 2.6)

=0(p) O

Now, for cycles u, 7 € C,(X) let k = max{k(u), k(7),k(x+ 7)} so that

o(p+7) = [0(p + 7)alo
= [0(S* (1 + 7)) alc (by lemma 2.8)
= [0(S" )4 + 0(S*T)alc (by (5))
= [0(8* 1) alc + [0(S*7) alc

= (p) + 0(7) (by lemma 2.8)

Hence 0 is a homomorphism. Lastly, to see that § factors through H,(X) let £ € C,,1(X) and we
will show that 6(9¢) = 0. Let k = k(§) > k(9€). Hence, by lemma 2.8 we have

5(9¢) = [0(S*0€) alc
= [0(85"¢) Alc

Now, observe that

(95™€) (0(5’“5) )a+ (0(S*¢))a (by (5))
= 0(5%€) 4 + (0(5*¢) )
o(s*

€ §)a+ Cn(C)

Hence it follows by the preceding expression for §(9¢) that 6(0¢) = 0 as desired.

To prove theorem 2.4, it now only remains to show that the sequence is exact. From definitions,
it is at least clear that the sequence is a chain complex; we now prove the remaining inclusions.

13



e kery C im¢.
Let u € C,(A) and 7 € C,(B) be cycles with ¢([u|a @ [7]5). Hence we obtain £ € C,,41(X)
with 06 = p+ 7. Let k = k(§). Hence, we have

Oés+ 06p = Sk + S*r
= Sku — 064 = —(SkT —0¢p) € C,(C)

Hence o= S*u—0€4 is a cycle in C with [0]4 = [S*ula = [u]a and [0]p = [-S*7|p = —[7]5,
- #(lolc) = [1a ® [rls

e kerd C im.
Let 0 € C,(X) be a cycle with 9([o]x)

= 0. Hence, doa = 9 for some & € C,(C). Let
p=o04—E&€Cy(A)and 7 =05+ € C,(B).

Hence, p and 7 are cycles with
U(lpla ® [7]) = [oa + oBlx = [o]x

e ker¢p C im0.
Let 0 € C,(C) be a cycle with ¢([o]c) = 0. Hence, o = 9§ = 9n for some & € C,1(A)
and n € C,,1(B). Hence, p := & —n € C,11(X) is a cycle. Furthermore, k(u) = 1 and
pa —& € Criq(C), so
I[ulx) = [Opale = [0¢lc = [o]c

The procedure followed above also gives a Mayer-Vietoris sequence for the simplicial homology
groups, except no subdivision is required.

Theorem 2.9. Let X be a A-complexr and A, B C X be subcomplexes with AU B = X. Then we
have an exact sequence

. —— HAANB) —%5 HA(A) @ HA(B) —2» HA(X) —2> H2 (AN B)

l

0¢— HAMX) ¢ T

All maps are defined in the same way as before. However, observe that no subdivision is required
to define 0 since A, (X) = A, (A) + A, (B). This essentially means that the proof of theorem 2.4
carries forward directly to a proof of theorem 2.9 by ignoring all occurrences of S, or alternatively
by defining S to be the identity.

2.3.1 Singular homology for simplicial complexes

For X a A-complex, we have a natural map H2(X) — H,(X) induced by inclusion of A, (X) in
C(X). In this section, we will use theorem 2.4 to show that this map is an isomorphism.
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Theorem 2.10. Let X be a A-complex. The inclusion A, (X) — C,(X) of chain complexes induces
an isomorphism H>(X) = H,(X).

The following version of theorem 2.4 (which follows easily from theorem 2.4) will be the main
topological tool.

Theorem 2.11. Let X be a topological space and A, B C X such that AU B = X. Suppose also
that U and V' are open neighbourhoods of A and B respectively such that U deforms onto A, V
deforms onto B and U NV deforms onto AN B. Then we have an exact sequence

. —— H(ANB) =25 H,(A) & H,(B) —*— H,(X) —2> H, (AN DB)

J

0 ¢ Hy(X) - 7.

Here ¢ and v are defined as before. We define d([u]x) for a cycle p € C,(X) as follows. De-
fine yp using subdivisions as before (S*u € C,(U) 4+ C,(V) for sufficiently large k € N). Let
r:UNV — AN B be the known retraction. Then 9([u]x) := [r.0uy]ans-

The following algebraic lemma will also be useful to prove theorem 2.10.

Lemma 2.12 (Five lemma). Consider the following commutative diagram in the category of abelian
groups.

A > B s C s D » F
S A A A
A’ s B’ s O s D! s

If a, B, 6, € are isomorphisms and the rows are exact, then v is also an isomorphism.

Proof of theorem 2.10. We will prove the case when X is a finite A-complex using strong induc-
tion on | X|, the number of simplices in X. This suffices to prove the general statement since the
image of a singular simplex is compact. Note that the claim is trivially true for the case of | X| =1,
i.e. the case of X being a point.

Let A C X be a simplex of top dimension, B=X —int A=X —-Aand C =ANB =0A. Hence
|B|,|C| < |X| and so the induction hypothesis applies on B and C. We have the following diagram

with exact rows given by theorem 2.9 and theorem 2.11 respectively, and vertical maps induced
by the inclusion A, (X) — C,(X).

HC) —— H}A)© H}(B) —— Hp(X) —— H,(C) — Hp ((A) © Hp ((B)

n n

| o] i | !

Hn(o) EE— Hn(A) @Hn(B) EE— Hn(X) — Hn—l(o) — Hn—l(A) @Hn—l(B)

15



The commutativity of the squares can be verified easily using the definitions of all the maps involved.
By the induction hypothesis we see that «, 3, d, € are isomorphisms, so the five lemma (lemma 2.12)
completes the proof. n

2.4 Relative homology and excision

Let C' be a chain complex with maps 0 and let A be a subcomplex. Since 9 maps A, to A, _1,
we obtain a well-defined map 0 : C,,/A,, — C,_1/A,_1. This yields a chain complex C'/A — the
relative chain complex.

—— Cp A, =2 Cy A ——

This corresponds with a short exact sequence of chain complexes.

0 0
\ ) i

> A, > A, >
v a v

y O > Ch_1 ;

It is clear that the squares are commutative — the inclusion A — C' and the surjection C' — C/A
are chain morphisms. Such a short exact sequence of chain complexes yields a long exact sequence
of homology groups.

Theorem 2.13. Let A, B,C be chain complezes. A short exact sequence

0o—— A, i>(Jn p>Bn > 0

of chain complexes induces the following long exact sequence of homology groups.
. —— Hp(A) —* H,(C) -2 H,(B) —2 H, 1(A) —— ...
Here the map 0 : H,(B) — H,_1(A) (called the connecting map) is defined as follows. Let 8 € B,
be a cycle. Since p is surjective, 8 has a preimage v € C,, with py = 5. This yields
0=0p
=dpy

=poy
— 07 € ker(p) = im1.
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By the injectivity of ¢, there exists a (unique) cycle a € A,,_; with i(«a) = 9y. We define

This definition is independent of the choices made when picking the representative /5 of [§] and the
preimage vy € p~1(3), but we omit the proof here.

One consequence of theorem 2.13 is an alternate proof of theorem 2.4, the Mayer-Vietoris
sequence, which we sketch below. For A, B, C, X as in theorem 2.4, we have the following short
exact sequence of chain complexes.

0 —— Co(C) —2 C(A) @ Co(B) —2s Cu(A+B) —— 0 (6)

The maps ¢ and ¢ are defined as follows.

b1 @ (—p)

VDT u+T
Exactness of (6) is immediate. Since b, = ¢, theorem 2.13 yields the following long exact sequence.

s Hoy(C) — Ho(A) ® Ho(B) —s Ho(A+ B) —2 H, 1(C) —— ...

It can now be shown using theorem 2.7, lemma 2.6 and lemma 2.8 that the inclusion C,, (A +
B) — C,(X) induces an isomorphism on the homology groups (in fact this inclusion is a chain
homotopy equivalence), so the above exact sequence becomes

S —— Hy(C) —2 H,(A)® Ho(B) —2— Hu(X) 2% H, (C) — ...

Here 9™ is the composition of 9" with the isomorphism H,(A + B) = H,(X) induced by
Ch(A+ B) — C,(X). From the definition of 9", it can then be seen that 0" is precisely the map 0
from theorem 2.4, completing the proof. This technique of obtaining the Mayer-Vietoris sequence
also works for proving theorem 2.9 and makes more direct use of the fact that A, (X) = A,(A+B).

For an arbitrary topological space X, a subspace A C X gives a natural choice of a subcomplex of
Cr(X), namely C,,(A). Denoting the relative chain complex C,(X)/C,(A) by C,(X,A) (and the
corresponding homology groups by H, (X, A)), we have a short exact sequence of chain complexes

0 —— Ch(A) —s Co(X) —2 Cu(X, A) —— 0

which yields a long exact sequence of homology groups, called the long exact sequence of the
pair (X, A).

S Hy(A) — Ho(X) —2 Hy (X, A) —2 H,_((A) — ...

17



For A = (), this yields
H,(X,0) ~ H,(X)

For A = {z¢} a point, H,({zo}) = 0 when n > 0 and Hy(A) = Z. Hence, we see that
H,(X,{x0}) = Hy,(X) for n >0

For n = 0, we have a short exact sequence describing Ho(X, {z¢}) coming from the long exact
sequence of the pair (X, {zo}).

0——r HO({[EQ}) E— HQ(X) e Ho(X, {ZL’()}) — 0

Hence, in a loose sense, Hyo(X,{zo}) =~ Ho(X)/Z. The groups H, (X, {xo}) are called the reduced
homology groups of X. For n > 0, the basepoint independence of these groups is clear from the
above discussion. For n = 0 and z; € X, there is an isomorphism Hy(X) — Hy(X) which takes the
generator corresponding to the path component of x4 to the path-component of ;. Hence, the above
short exact sequence gives a corresponding isomorphism between Hy (X, {z¢}) and Ho(X, {z1}).

A basepoint-independent approach can also be taken to define the reduced homology groups. This
is done by appending the chain complex C),(X) with Z in the —1-th dimension. The 0-th boundary
map ¢ : Cy(X) — Z takes all singular O-simplices to 1. The homology group in dimension n of this
extended chain complex, denoted by I:In(X ), is the n-th reduced homology group.

.—>C’n(X)i>Cn_1(X) S » Co(X) —— Z > 0

Cycles in the chain complex C,, (X, A) are those chains whose boundary lies in C,(A).?> This suggests
that H, (X, A) ~ H,(X/A, A/A), since H,(X, A) essentially ignores the ‘internal structure’ of A. If
this were true, we would have

H,(X,A) ~ H,(X/A)

Indeed, this turns out to be true when the way A ‘sits inside’ X is sufficiently nice. Say that (X, A)
is a good pair if there is an open neighbourhood U C X of A with A as a deformation retract.

Theorem 2.14. If (X, A) is a good pair, then the map of pairs (X, A) — (X/A, A/A) induces an
isomorphism H,(X, A) = H,(X/A, AJA). In particular,

H.(X,A) ~ H,(X/A, AJA) ~ H,(X/A)

To prove theorem 2.14 we require a versatile tool called the excision theorem, which makes precise
another aspect of how H,,(X, A) ignores the internal structure of A — H,(X, A) remains unchanged
if some (sufficiently nice) subspace of A is removed from both X and A.

2Technically, cycles in C,, (X, A) are equivalence classes in the quotient C,,(X)/C,,(A) which are represented by a
chain in C},(X) whose boundary lies in C),(A).
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Theorem 2.15 (Excision theorem). Let Z C A C X with Z C int A. The inclusion of pairs
(X —Z,A—7) = (X, A) induces an isomorphism
H,(X —-Z,A—-Z) > Hy(X, A)
Equivalently, if A, B C X such that the interiors of A and B cover X, then the inclusion of pairs
(B,BNA) = (X, A) induces an isomorphism
H,(B,BNA) = H,(X,A)

Proof of theorem 2.1/. Since A is closed, the quotient map X — X/A restricts to homeomor-
phisms X — A — (X/A)—(A/A) and U — A — (U/A) — (U/A). By treating these as identifications,
we obtain the following diagram.

Ho(X — AU — A) —=— H,(X/A,UJA)

s / "

The isomorphisms come from theorem 2.15 and are induced by inclusions of pairs. The diagonal
map is induced by the quotient map. Hence the commutativity of the diagram is immediate —
the diagonal map is an isomorphism. Since U deforms onto A, the inclusion A — U induces an
isomorphism on homology groups. The long exact sequences of the pairs (X,U) and (X, A), along
with the five lemma, now show that the inclusion (X, A) — (X,U) also induces an isomorphism
on homology groups. Likewise for the inclusion (X/A, A/A) — (X/A,U/A). These isomorphisms
together with (7) yield the following diagram.

Ho(X,U) === H,(X/A,UJA) +=— H,(X/A, A/A)

‘\/

(X, A)

Commutativity is immediate from the definitions of all the maps, and so the claim follows. n

Proof of theorem 2.15. We will prove the second statement. Let i : (B, AN B) < (X, A) be the
inclusion. Injectivity of 7, is immediate since

C.(AN B) +im(0?) C C,(A) + 9,(X)

To see surjectivity, let u € C,(X) with du € C,(A). Recalling the chain homotopy T' between S
and id from the proof of lemma 2.6, we have

Sp—p=T0u+ 0T
S*u— Spu=ToSu+0TSu

Sk — Sy =ToSM u + 0TS
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Adding all these equations and using the fact that 9S'u = S'0u € C,(A) (since du € C,(A)), we
obtain
S u=p mod Cp(A) +im (9))

Using notation from §2.3, setting k = k(u) yields
pp =g mod Cy(A) +im(0,)

In particular, we have

[l x.a) = ix ([1B](B,anp)) € im(iy) O
A useful invariant of the local topology of a space X at a point x € X is the local homology group
H,(X,X — {z}). For any open neighbourhood U C X of x, excision yields H,(X,X — {z}) =
H,(U,U{z}) (assuming that {z} is closed in X). Hence for any other space Y and a point y € Y’

(with {y} closed in Y), a local homeomorphism from x to y must induce an isomorphism on local
homology groups. The following is an important consequence of this idea.

Proposition 2.16 (Invariance of dimension). If nonempty open sets U C R™ and V. C R™ are
homeomorphic, then n = m.

Proof. A homeomorphism f : U — V induces an isomorphism of local homology groups Hy(U,U —
{z}) and Hy(V,V — {f(x)}). By excision, we have

Also, the long exact sequence of the pair (R", R" — {z}) yields
Hk(Rn,Rn — {.T}) =~ Hk_1<Rn — {.T}) =~ gk_l(sn—l)

Hence, the local homology groups Hy(U,U — {z}) and H(V,V — {f(x)}) are 0 if k # n and Z
otherwise. Likewise, by using excision on Hy(V,V — {f(z)}), we see that the above groups are 0 if
k # m and Z otherwise. Hence n = m. O]

2.4.1 Relative homology for A-complexes

For X a A-complex and A a subcomplex, the homology groups of the relative chain complex
AL (X, A) = AL(X)/A,(A) are the relative simplicial homology groups H5 (X, A), and by the-
orem 2.13 we obtain sequences of pairs and triples as in the case of singular homology. Using
this framework of relative homology, we obtain an alternative proof of the fact that simplicial and
singular homology are equivalent for A-complexes (namely theorem 2.10).

Alternate proof of theorem 2.10. We will prove the claim for all finite-dimensional skeletons X*
of X by induction on k (hence proving the claim for the case when X is finite-dimensional), and
once again attribute the general statement to the compactness of the image of singular simplices.

For k = 0 the claim is trivial, so let £ > 0. We now make some observations regarding the various
homology groups of the pair (X%, X*~1).
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1. A (XF X* 1) is 0 if n # k, and for n = k it is the free abelian group on the k-simplices of
X. In particular, we also have A, (X*, X*71) = HX(X*, X*1) for all n.

2. By theorem 2.14, the quotient map
(Xk, kal) N ()(k/)(kfl7 kal/kal)
induces an isomorphism

Hn(Xk,Xk_l) :> Hn(Xk/Xk_l,Xk_l/Xk_l) — .Hn(Xk/Xk_1>

3. Xk/xk1 is a wedge sum of k-spheres, with each k-sphere the image of a unique k-simplex of
X. Hence, H,(X*/X*1)is 0 if n # k and it is the free abelian group with basis given by the
homology classes of (the characteristic maps of) the k-simplices of X.

Putting these observations together, we see that the inclusion A, (X% X*1) — C,(X* X*1)
induces an isomorphism on the homology groups. Hence, we have the following diagram with exact
rows coming from the long exact sequences of the pair (X%, X*~1) and vertical maps induced by the
inclusions of the respective simplicial chain complexes in the respective singular chain complexes.

HA

n+1<Xk7Xk_1) B HnA<Xk_1) B— HnA(X) B— HnA(Xkaxk_l) B HnAfl(Xk_l)

| gl | /| |

Hyppt (XF, X1 —— H (XY —— Ho(X) —— Ho(XF, XF1) —— H,_(XF1)

The commutativity of the diagram is immediate from the definitions of all the maps. We know that
B and € are isomorphisms by the induction hypothesis. Also, o and ¢ are isomorphisms based on
the preceding discussion. Hence, the claim follows by the five lemma. O]

It is natural to expect a relative version of theorem 2.10 as well, and indeed it follows immediately
from the long exact sequence of pairs and the five-lemma.

Corollary 2.17. Let X be a A-complex and A C X be a subcomplex. The inclusion Ap(X, A) —
Cn(X, A) induces an isomorphism H>(X, A) = H,(X, A).

Proof. Consider the following diagram with exact rows coming from the (simplicial and singular)
long exact sequences of the pair (X, A) and vertical maps induced by the inclusions of the respective
simplicial chain complexes in the respective singular chain complexes.

H(A) — Hp(X) —— H}X,A) —— Hp,(A) — Hp ((X)

n

| o] | | {

H,(A) —— H,(X) —— H,(X,A) —— H, 1(A) —— H, 1(X)

The commutativity of the diagram is immediate from the definitions of all the maps. We know that
a, 3,6 and € are isomorphisms by theorem 2.10, so the claim follows by the five lemma. n
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2.5 Degree of maps 5" — §”

For amap f:S" — S™ (n > 1), the degree deg f is the integer d such that f, : H,(S™) — H,(S")
is given by multiplication by d. Such d exists and is unique since H,(S™) ~ Z. By homotopy
invariance of homology, it is clear that homotopic maps have the same degree. The converse is also
true and essentially boils down to the fact that m,(S™) ~ Z, with generator given by the homotopy
class of idgn.

Proposition 2.18. deg(—idg:) = (—1)""L.

Proof. Identify S™ with the space

n
g T4
i=0

which is canonically a simplicial complex with 2! simplices, each of the form [Zuy, ..., +wv,]. For
s =(80,...,8,) € {—1,1}" let sA™ = [sgvp, ..., S,v,]. Observe that for any s € {—1,1}"!, the
(n — 1)-simplex

zn:|xi|:1}

1=0

[801)0, ey SiUGy L ,snvn]
has the same sign in the expressions for
O[SoV0y - - -y SiViy -+« y SpUp)
and
[Sov0, - - -y —S8iViy -+ SuUp]

Hence, the n-chain

o= Z (S0 ...+ Sp)SA"

se{-1,1}

is a cycle in A, (S™). Tt can now be seen that o is a generator of the group of cycles in A, (S™),?
which is the same as H2(S™). Consequently, [o] is a generator of H,,(S™) by theorem 2.10. Finally,
observe that

(—idsn)#O' = (_1)n+10_ ]

Proposition 2.19. If f : S — S™ has no fizved points then f = —idgn and deg f = (—1)""%.

Proof. By homotopy invariance of degree, it suffices to show that f = —idg.. Since R™™' — {0}
retracts onto S, it suffices to show that f and —idg» are homotopic as maps from S™ to R™ ™ —{0}.
Indeed, we have the following homotopy from f to —idgn.

H: 8™ % [0,1] = R™ — {0} (a,8) — (1 — 8)f(x) — tz

Since || f(z)|| = ||z|| = 1 and f(x) # x for all x € S™, the image of H is indeed contained in
R —{0}. O

3This follows from the fact that every (n — 1)-simplex in S™ is in the boundary of exactly two n-simplices.
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Corollary 2.20. The only non-trivial group which acts freely on S™ for n even is Z/27Z.

Proof. Suppose G acts freely on S™ and g € G is not the identity. Hence, the homeomorphism
x +— gx from S™ to S™ has no fixed points. By proposition 2.19, this map has degree —1. Since this
holds for all non-trivial g € G, the group homomorphism G' — {1, —1} given by g — deg(z — gx)
has trivial kernel. ]

A notion related to degree is that of local degree. Let f : S™ — S™, 29 € S™ and U C S™ be an
open neighbourhood of zy such that f(y) # f(x) for y € U — {z}. Hence, we have an induced
homomorphism

f* : Hn<U, U - {IO}) — Hn(Snv S — {f(x(])})

The domain and codomain of this homomorphism are both Z, so it seems natural to define the local
degree of f at x( in the same way we defined deg f. However, this requires natural isomorphisms
Z = H,(U,U —{xo}) and H,(S™, S" —{f(x)}) = Z to be produced, since otherwise there will be
an ambiguity of sign in the definition of local degree. For this, we consider the following diagram.

Ho(S", 8" — {xo}) +Z— Ho(U,U — {xo}) L H, (5", 5™ — {f(z0)})

4 Tz (8)

H(S™) —-mmmmm oy >y H,(S™)

The isomorphisms are the obvious ones obtained via excision and the long exact sequence of pairs,
and the dashed arrow is chosen to make the diagram commute. This dashed arrow is given by
multiplication by a unique integer called the local degree of f at xg, written deg f | 9. Observe
that if U’ C U is a smaller neighbourhood of z(, then we have the following diagram.

H, (U, U —{xo})

H,(S", 5™ — {w0}) —— Ha(U.U — {wo}) —L— H, (5", 5" — {f(z0)})

The isomorphisms all come from excision and so the diagram commutes. This shows that the dashed
arrow in (8) does not change when U is replaced by U’ — the local degree of f is indeed a local
quantity. The next result gives an alternate definition of local degree.

Proposition 2.21. Let f: S™ — S™ and xq € S™ such that deg f | xo is defined. If g : S™ — S™ is
a homeomorphism with gf(x¢) = xo and g = idgn, then

deg f | o = deggf | zo

Since gf(xo) = wo, the above yields that the dashed arrow in the following diagram, defined to
make the diagram commute, is simply mulitplication by deg f | xo. A particularly useful case of
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this, for the purpose of computation, is when ¢ is of the form x — Hﬁ—iu for some A € GL(n + 1)
with positive determinant.

H,(U,U = {x0})

H, (5™, 8" — {xg}) ----- » Ho(S™, 5" — {x0})

Proof of proposition 2.21. Since g is a homeomorphism, it is clear that deggf | xy is defined.
Since g = idgn, the map g, : H,(S™) — H,(S™) is the identity. Consider the following diagram.

Hn(Snv St — {f(x())}) L Hn(Sn7Sn - {xO})

H,(S™) > H,(S™)

g« =1id

The isomorphisms come from the long exact sequences of pairs, so the diagram commutes. Ap-
pending this diagram to (8) on the right and using g, f. = (¢f). now proves the claim. ]

Now that we have a tool to aid in computation of local degrees, we develop a tool which allows for
calculating the degree of a map in terms of local degrees in most situations that arise in practice.

Theorem 2.22. If f : S™ — S™ such that for some y € S™ the preimage f~1(y) is finite, then
degf= ) degfla

z€f~1(y)
Proof. Let xq,...,x,, € S™ be all the preimages of y, and let U; C S™ be disjoint neighbourhoods
of the z;’s. Let U = Uy U...UU,,. Fix a generator o € H,(S™). Let 5, € H,(S",S™ — {x;}) and
vi € H,(U;, U; — {x;}) be images of o under the the isomorphisms given by the left-upper corner of

(8):
H,(S™, 8" —{a;}) «=— Ho(U;, Ui — {x;})

]

H,(S™)
Hence, the ~;’s generate
P Ha (Ui, Ui — {2:}) = Ho(U,U = f7H(y) = Ha(S™, 8™ — [ (1)) (9)
i=1

Now we have a diagram

H,(S™, 8" — {x;}) +—— H,(U;, U; — {x;})

H,(S8") ———— Hu(S", 5" — [~'())
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All maps are the obvious ones, so it can be checked that the triangles commute. Hence, we see that
pioj(a) = Bi. By (9), it follows that j(a) = > f8; under appropriate identification. Finally, we

have

Ho(U,U = f~H(y))

H,(S", 5" — f~\(y)) & s H,(S™, 5" — {y})
H,(S™) I » H,(S")

Commutativity of the triangle and square are immediate. Let 6 € H,(S™, S™ — {y}) be the image
of a under the isomorphism on the right. By definition of local degree, the topmost f, map takes
Bi to deg f | ;- §. Since j(a) = > f; and the lowermost f, map takes o to deg f - o, the claim

follows from commutativity. O

2.6 Cellular homology

In this section, we will define a version of homology, called cellular homology, for CW complexes
which comes directly from their CW complex structure. The cellular homology groups are isomor-
phic to the singular homology groups, and hence cellular homology is a useful computational tool
analogous to simplicial homology. Let j, : H,(X") — H,(X", X" ') and 9, : H, (X", X"') —
H,_1(X™1) be the respective maps from the long exact sequence of the pair (X", X"1), and define
the cellular boundary map

d, = Jn-10 871 : Hn<Xn7 Xn_l) — Hn—l(Xn_l’ X”‘Q)
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Here, we take X! = () and dy = 0. Hence we obtain a sequence involving the d,’s, which is the
horizontal sequence below.

Hn_l(Xn—Q)
Hppr (X Hpa(X77)
m 81'1,—1 Jn—1

dn

L Hn+1(Xn+1,Xn) SN Hn(Xn Xn—l)

e

H,(X™)

H, (X1
(10)

The diagonal sequences are exact, so in particular d,d,,1 = 0 since 9,,_1j, = 0. Hence the horizontal
sequence is a chain complex, called the cellular chain complex. Its homology groups are the
cellular homology groups, temporarily denoted by HS" (X). For n > 0, observe that

Hy(X" X" 1~ H(X" /X" ) Vi

Furthermore X™/X™ ! is a wedge sum of n-spheres, each of the form e”/de? for an n-cell € of
X. Hence H,(X™ X" 1) is free abelian with basis corresponding to the n-cells of X. For n = 0,
Ho(X°,0) = Ho(X?) is also free abelian with generators corresponding to the 0-cells of X.

Theorem 2.23. HSW(X) ~ H,(X).

We omit the proof of this isomorphism here. In brief, it follows using the following lemma together
with diagram-chasing.

Lemma 2.24. H;(X™) =0 for i > n. Furthermore, the inclusion X™ — X induces isomorphisms
H;(X™) = Hy(X) fori<n.

The proof of this lemma in turn requires another lemma.

Lemma 2.25. Let Y be a topological space and n > 0. Let Z be obtained by gluing (n + 1)-cells
{en*™! | a} to Y wia gluing maps 0e™t — Y. Then the inclusion Y — Z induces an isomorphism

on the i-th homology group for i < n.
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Proof. Since n > 0, the claim is trivially true for + = 0. Hence, suppose 0 < i < n. Let U be the
union of the interiors of all the (n + 1)-cells and let z,, be the centre of "™ Let V = Z — {x, | a},
so Z = UUV. Now consider the following section of the corresponding the Mayer-Vietoris sequence.

H(UNV) — H,(U)® H(V) — H(Z) — H_,(UNV)

Observe that U NV deforms onto a disjoint union of n-spheres, so since 0 < i < n we see that
the first and last groups in this sequence are zero. Furthermore, U is contractible so we see that
V < Z induces an isomorphism H;(V) = H;(Z). Finally, Y < V is a homotopy equivalence since
V deforms onto Y. Hence Y < Z induces an isomorphism H;(Y) & H;(Z). Since i > 0, reduced
homology groups can be replaced by the absolute homology groups. O

Proof of lemma 2.2/. The proof of the first claim uses induction on n, with the claim being trivial
for n = 0. The induction step follows from our observations regarding H;(X", X" ') together with
the long exact sequence of the pair (X", X" 1).

Lemma 2.25 proves the second statement in the case when X is finite dimensional. The general
result follows from the fact that the image of a singular simplex is compact and hence meets only
finitely many cells of X. O]

The next result, which describes the cellular boundary maps d,, together with theorem 2.22
completes the computation tool box that is cellular homology. For this, we make precise some
required identifications. View each n-cell e} of X as a copy of D" (the closed unit ball centred at
the origin in R"). Hence, de” is correspondingly identified with S"~!. Identify e”/0e” with S™ via
the following quotient map.

12z, z- ) w0
Gn: D" — S" 2 — [l
0 x=0

Remark. Note that the choice of g, only matters insofar as how it transfers the orientation of D"
to an orientation of S™.

Next, we make explicit the basis element of H, (X", X"~!) which a given n-cell " corresponds to.
Fix a homeomorphism h, : A" — D™ which is an orientation-preserving diffeomorphism on the
interior. Composing h,, with the characteristic map D™ — X of e we obtain a singular simplex in
C,(X), which we will denote by o”. Note that do” is an (n — 1)-chain in de? C X", so o7 is a
cycle in C,,(X™, X" 1). The homology class [07] € H, (X", X" ') is the basis element corresponding
to e Let r: X"/X"1 — e /Oe” be the retraction.

Theorem 2.26 (Cellular boundary formula). For n > 1, we have

dalo] =) daplo ]
8
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where dog is the degree of the retracted gluing map
n—1

-1 o "5 -1 -1
dey, —— X1 /X2 —— e [Oej

when viewed as a map S™~' — S"1 with the identifications mentioned previously.

Proof. By identifying H,_1(X" ', X"~2) with H,_;(X"'/X"?), we have
dolon] =Y (5 ).[007]

B
This is a consequence of the fact that X"~/ X"~2 is a wedge sum of the spheres eg_l / 062_1. Now,
observe that dh,, (viewing h,, as a singular simplex in D) and ag_l (viewed as a singular simplex in
eg_l / aeg—l) give the same generator for H"~1(S"~!) under the previously mentioned identifications.
Hence the claim now follows by recalling the definitions of ¢ and ag_l. O]

2.6.1 Euler characteristic

For a finite CW complex X, its Euler characteristic is defined as
X(X) =Y (=1)"X]n

where | X, is the number of n-cells in X. Hence, a priori the definition depends on the CW complex
structure on X. However, the following shows that x(X) depends only on the topology of X.

Theorem 2.27. x(X) = Z(—l)” rank H,,(X).
The proof uses the following lemma and some straightforward rearrangement of terms by realising
H,(X) as the n-th cellular homology group, so we omit it here.

Lemma 2.28 (Left as exercise in [1]). If A, B,C are abelian groups with finite ranks and we have
a short exact sequence

0 > A » B > C > 0
then rank(B) = rank(A) + rank(C).

Proof. Recall that Q is flat as a Z-module (more generally, the field of fractions of an integral
domain R is a flat R-module). Hence, we may tensor the given short exact sequence by Q to obtain
a new short exact sequence.

0 — A®Q — BRQ — CQ —— 0

The action of Z on A naturally extends to an action of QQ on A ® Q, making it a vector space over
Q. Consequently the above is a short exact sequence of vector spaces over Q, and hence we have

dimg(B ® Q) = dimg(A4A ® Q) + dimg(C ® Q)
Lastly, we observe that rank(A4) = dimg(4 ® Q). O
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2.7 Homology with coefficients

Instead of viewing C,,(X) as a formal Z-linear combination of singular simplices, we can also view
it as a direct sum of copies of Z indexed by singular simplices. This yields a natural generalisation
by replacing Z by an arbitrary (additively written) abelian group G. Hence, we define C,(X; G) to
be finite linear combinations of the form Z

9i0;

for g; € G and singular simplices o;. The boundary maps are then defined in the obvious way.
32%@‘ = Z Z(—l)jgiai | [vo, -y Ujy ooy U]
i i

As before, we see that 9> = 0 and so a chain complex is formed.
—— C(X:0) 2 (X 6) —— .

The homology groups of this chain complex, written H,(X;G) are the homology groups of X
with coefficients in G. The relative homology groups H, (X, A; G) with G coefficients are then
defined to be the homology groups of the chain complex

Co(X, A;G) = Ch(X;G)/Ch(A; Q)

The long exact sequence of pairs is obtained immediately from theorem 2.13. In fact, for H a
subgroup of G we have another naturally obtained short exact sequence of chain complexes.

0 — Co(X;H) — Co(X;G) —— C(X;G/H) —— 0
The maps are the obvious ones. This yields the following long exact sequence.
. —— H,(X;H) — H,(X;G) — H,(X;G/H) —2» H, (X;H) — ...
By examining the map 0, it is easy to see that if the short exact sequence

0 » H > G »G/H — 0

splits then 0 = 0 and we have a split short exact sequence
0 —— H,(X;H) — H,(X;G) —— H,(X;G/H) —— 0

Next, we observe that the subdivision constructions from §2.3 carry forward to the setup with
coefficients as well, so the Mayer-Vietoris sequence and the excision theorem hold for homology
with coefficients as well. Simplicial and cellular homology also carry forward to homology with
coefficients as expected.
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3 Cohomology

We start the discussion with an abstract algebraic set up — let C, be a chain complex and fix
an abelian group G. Let C} := Hom(C,, G) be the dual group of C,. The boundary operator
Ony1 : Chy1 — C, yields a dual map

0p 1 Ch = Cr 130 ¢ oy
Since 9? = 0, we have 62 = 0. Hence we obtain a chain complex

\O* 6

n

LN *
7 Cn+1 _— ...

The homology groups H"(C'; G) := ker(é,)/im(d,,—1) of this chain complex are the cohomology
groups of the chain complex C,,. A chain morphism f : C,, — C/, induces a dual chain morphism
f*:C* — C* and hence yields a homomorphism at the cohomology level.

F1 o HY(CG) = HY(C;G)

To understand how the cohomology groups relate to the homology groups algebraically, we start by
understanding ker(d,). Let B, = im(0,41) be the n-boundaries and Z,, = ker(d,) be the n-cycles.
For ¢ € C;, we have

¢ € ker(6,) <= ¢0u1 =0
<= B, C ker(¢)
<= ¢ uniquely factors through C,, /B,

Hence ker(d,) = (C,/By,)*, the subgroup of C! consisting of maps C,, — G which vanish on B,.
Since H,(C) = Z,/B,, C C,/By,, restriction to H,(C) gives a map

h: ker(8,) — (Z,/Bn)*

Remark. Observe that (Z,/B,)* is simply Hom(H,(C),G). However, we will continue referring
to it as (Z,/B,)* since that is more natural in the present setting.

In fact, we can say more about this map. Since all groups in the following short exact sequence are
free abelian, the sequence splits.

0 > L > C), LN B, ——0 (11)

Remark. Note that there is a subtle difference between the map labelled 0, here and the usual
boundary map, namely its codomain is taken to be B,,_; instead of C,,_;. This distinction becomes
important upon dualising.
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Hence, the following is split exact as well.
0 — %,/B, — C,/B, —>Bn1—>0

The dual of a split exact sequence is split exact, so the following is split exact sequence.

0 «—— (Zn/Bn)* <" ker(s,) <2~ B

n—1

—— 0 (12)

In particular, & is surJectlve Furthermore if ¢ € 1m(5n 1), i.e. ¢ = 90, for some ¢ € C*_,, then
Z, C ker(¢). Consequently h¢ = 0. In other words, h factors through a surjective map

h:H"(C;G) = (Z,/Bn)"

Hence we have obtained a map from the cohomology group to the dual of the homology group. We
will now use (12) to obtain a split exact sequence involving h. Consider the following diagram, with
the top row coming from (12) and the bottom row coming from the dual of (11) (with n — 1 in
place of n).

n18—>ker on) — (Z,/Bn)" —— 0

T\TM

O<—Z*1<—C*1<—B;;2<—O

0 —— B

Here i, 1 : B,,_1 — Z,_1 is the inclusion. The diagonal and lower edge of the square are also duals of
inclusions. We know that both rows are split exact, and commutativity of the triangles is immediate.
In particular, this means that 0 maps im(z};_,) isomorphically onto im(d,,—1). Quotienting out these
images, we obtain a split exact sequence involving h.

0 —— B, /im(i*_,) — H"(C;G) —"— Hom(H,(C),G) — 0 (13)

Hence the group B} _,/im(if_;) measures how much the cohomology group H"(C;G) ‘deviates’
from being isomorphic to the dual of the homology group H™(C'). Observe that im(i}_,) simply
consists of those maps B,_1 — G which have an extension Z,,_1 — G, so this deviation is also a
measure of the extent to which one can find maps B,,_; — G which cannot be extended to Z,,_;.
We consider some special cases when this question of extendability is easy to answer.

Proposition 3.1. h is an isomorphism when G = Q.

Proof. We have a canonical embedding B, < B, 1 ®zQ;z — x®1 and every map ¢ : B, 1 — Q
extends uniquely to a map ¢’ : B, 1 ®2Q — Q. This in turn extends to a map ¢’ : Z,, 1 ®2Q — Q.
Now Z,_1 ®7Q canonically contains Z,_, so restricting ¢’ to Z,,_; gives an extension ¢ : Z,,_; — Q
of ¢. O]

Proposition 3.2. If H,(C) is free abelian for some n, then h : H"(C; G) — Hom(H,(C),G) is an
1somorphism.
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Proof. We have the following short exact sequence with all groups free abelian.
0 —— Bn—l E) Zn—l E— Hn—l(c) — 0

Hence this sequence splits and its dual is also short exact. In particular, i) _; is surjective. O

3.1 The universal coefficient theorem

We will now describe how to compute B’ | /im(i%_;) in general. For an abelian group H, a free
resolution of H is a short exact sequence

0 vy B —1y 7 s H > 0

where B and Z are both free abelian. It is easy to see that a free resolution always exists since
every abelian group is a quotient of a free abelian group. The dual of a free resolution yields the
following exact sequence.

0 «—— B*/im(i*) < B* «+—— Z* ¢ H* < 0
The following lemma, which we state without proof, shows that the group B*/im(:*) depends only
on H (and G), and this dependence is natural on H.

Lemma 3.3. A homomorphism f : H — H' can be extended to free resolutions of H and H' to
obtain a commutative diagram as follows.

0 v B 4 7 s H s ()
|
0 N N s H' s 0

Furthermore, the induced map B /im(i"*) — B*/im(i*) is unique.
Corollary 3.4. In the above lemma, if f is an isomorphism then the induced map B™ /im(i*) —
B*/im(i*) is also an isomorphism.

The unique group B/im(i*) is written Ext(H,G) to emphasise that it depends only on H and G,
and not on the choice of free resolution of H. However, to talk about maps to and from Ext(H, G)
it is necessary to fix a realisation of Ext(H,G) by fixing a free resolution of H. Returning to the
context of the cohomology groups of a chain complex C),, we see that if the C),’s are free abelian
then the group B}_,/im(i¥_,) appearing in (13) is Ext(H,_1(C), G). Hence, our discussion so far
are summarised as follows.

Theorem 3.5 (Universal coefficient theorem). The cohomology groups of a chain complex C,, of
free abelian groups admit a split exact sequence

0 — Ext(H, 1(C),G) —— H"(C;G) —— Hom(H,(C),G) — 0

where Ext(H,,—1(C), G) is realised as Bj;_,/im(i’_,) and its inclusion in H"(C; G) is given by O%.
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Ext(H, G) satisfies the following straightforward and useful properties.
e Ext(H ® H',G) = Ext(H,G) @ Ext(H',G).
e Ext(H,G) =0if H is free (cf. proposition 3.2).
e Ext(Z/nZ,G) ~ G/nG.

The short exact sequence provided by the universal coefficient theorem is natural in the following
sense — the proof relies only on lemma 3.3.

Theorem 3.6. A chain morphism f : C,, — C! yields a commutative diagram

0 —— Ext(H,-1(C"),G) —— H"(C";G) —— Hom(H,(C"),G) —— 0

f*T I T (f*)*T

0 —— Ext(H,_1(C),G) —— H"(C;G) —"— Hom(H,(C),G) — 0

where the f* map on the left is induced by f upon realising Ext(H, 1(C),G) as in theorem 3.5.
Finally corollary 3.4, theorem 3.6 and lemma 2.12 yield the following.

Corollary 3.7. If a chain morphism f : C, — C! induces isomorphisms on the homology groups,
then it also induces isomorphisms on the cohomology groups.

3.2 Cohomology for spaces

The cochain complex of a topological space X with coefficients in G is C"(X; G) := C,(X)*, and
its homology groups H™(X;G) are the cohomology groups of X. The relative cochain complex
C™(X, A; G) is likewise defined to be the dual of C),(X, A), and its homology groups are the relative
cohomology groups of the pair (X, A). We will now discuss the cohomology analogues of the various
results obtained so far for homology — they mostly follow from the universal coefficient theorem
and theorem 3.6.

3.2.1 Induced homomorphisms

A map f : X — Y induces a chain morphism f# : C"(Y;G) — C"(X;G) and maps f*
H™(Y;G) — H"(X;G) at the cohomology level. By theorem 3.6, these maps also yield a com-
mutative diagram involving the split exact sequences given by the universal coefficient theorem.

0 — Ext(H,1(Y),G) —— H"(Y;G) —— Hom(H,(Y),G) —— 0

<f#>*T r T m)*T

0 — Ext(H,_(X),G) — H"(X;G) —— Hom(H,(X),G) —— 0
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3.2.2 Homotopy invariance

Homotopic maps f, g : X — Y induces chain homotopic chain morphisms fu, gx : Cp(X) — C,(Y).
The dual of a chain homotopy between f, and g4 is itself a chain homotopy between the dual
morphisms f# and g%, so we see that f# and ¢g” are also chain homotopic. In particular, the
induced maps f* and g* at the cohomology level are equal.

3.2.3 Relative cohomology

Recall the short exact sequence of chain complexes corresponding to a pair (X, A):
0 —— Cu(A) — Ch(X) —1 Cu(X, A) —— 0
Since this a short exact sequence of free abelian groups, its dual is also short exact.
0+ C™(A;G) «“— OMX;G) +LX— C"(X,A;G) +— 0
Consequently, we obtain a corresponding long exact sequence of cohomology groups.
L HY(A:G) «“ HY(X;G) «— H"(X,A;G) +°— H" Y(A;G) +— ...

Furthermore the connecting map ¢ is naturally dual to the connecting map 0 which occurs in long
exact sequence of (X, A) for homology, in the sense that the following diagram commutes.

H™"(A;G) ——— H"™ (X, A;G)

il J» (1)

Hom(H,(A), G) —L— Hom(H, (X, A))
Commutativity can be verified easily by spelling out the definitions all maps involved.

3.2.4 The Mayer-Vietoris sequence

As above, the short exact sequence (6) of chain complexes can be dualised to obtain the following a
long exact sequence for cohomology involving the cohomology groups of A, B, A+ B and C' := ANB.
Then corollary 3.7 may be used to replace A + B by X, finally yielding the following long exact
sequence.

L HYO;G) 2 HY(A:G) @ HY(B; Q) «X— H'(X;G) «°— H"Y(C;G) o ...
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3.2.5 Excision

The statement of excision for cohomology is that for Z C A € X with Z C int A, the inclusion of
pairs
(X —-Z,A-7)— (X,A)

induces isomorphisms at the cohomology level.
H"(X,A;G) = H"(X - Z,A— Z;@G)

This follows at once from the excision theorem for homology and corollary 3.7.

3.2.6 Simplicial cohomology

For a simplicial pair (X, A), the chain morphism A, (X, A) — C,(X, A) induces isomorphism on
the homology groups, and hence the same holds at the cohomology level by corollary 3.7.

3.2.7 Cellular cohomology

For a CW complex X, the homology groups H;(X™, X"~ 1) are all free abelian and so

h:H"(X", X" G) — Hom(H, (X", X"1),Q)

is an isomorphism by the universal coefficient theorem. Hence the dual of the cellular chain complex,
with appropriate identifications, takes the following form.

S HM(X XL G~y g (XL X G ——

In fact, this chain complex is the same as that obtained by using the long exact sequences of pairs
for cohomology (analogous to how the cellular chain complex was constructed) as is done in [1] —
this can be seen using the commutativity of (14). As expected, the cellular cohomology groups (the
homology groups of the above chain complex) are isomorphic to the singular cohomology groups of
X. However, this does not simply follow from corollary 3.7 since the isomorphism between the
cellular and singular homology groups was not induced by a chain morphism. We omit the proof
here.
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3.3 Cup product and the cohomology ring

The cohomology groups of a space can be endowed with an additional algebraic structure, called the
cup product, when the coefficient group comes from a ring. The construction, as usual, starts at the
level of chain complexes. For R a ring, the cup product — : C*¥(X; R) x C*(X; R) — C**(X; R) for
cochains is constructed as follows. For ¢ € C*(X; R), v € CYX; R) and o : AF** — X a singular
simplex, we define

(0 —¥)(0) = ¢(o | [vo, - vx]) - ¥(a | [vrs - - s vpe])

Here, the product in the right side is evaluated in R. It is easy to see that the cup product is
R-bilinear (under the natural action of R on cochains). A straightforward computation yields the
following formula.

(¢ — ) = (09) — ¥+ (=1)"¢ — (5¢) (15)

In particular we have the following two crucial observations.

e If ¢ and ¢ are both cocylces then so is ¢ — 1.

e If ¢ is a coboundary (say ¢ = d¢') and 9 is a cocyle, then ¢ — 1) is a coboundary:

(¢ =) =9 —
Likewise if ¢ is a cocylce and 9 is a coboundary.
Hence, the cup product factors through as an R-bilinear product at the level of cohomology groups.
—: H*(X;R) x HY(X; R) — H*"(X; R)

This makes

P a"(X;R)

n>0

into a graded R-algebra, written H*(X; R). To study the commutativity (or lack thereof) of this
R-algebra, the following lemma is key.

Lemma 3.8. Define the reversal map p : C,(X) — C,(X) on a singular simplex o : A" — X as

p(o) :=eno | [n, V-1, ..., V0]
and extend Z-linearly to C,,(X), where &, := (—1)%, Then p is a chain morphism and is chain

homotopic to idc, (x).

It is easy to see that p is a chain morphism. That it is chain homotopic to the identity can be seen
using a prism construction similar to that used to prove theorem 2.2. We omit the details of the
argument here.

Corollary 3.9. For a cocycle ¢ € C™"(X; G), the cohomology classes [¢] and [¢ o p| are equal.
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Theorem 3.10. For cocylces ¢ € C*(X; R) and ¢ € C*(X; R), we have

[6] — W] = (=1)*[¥] — [¢]

Proof. The claim follows at once from corollary 3.9. For a singular simplex o € C***(X), observe
that

(¢ — 1p) 0 p(0) = €rpe (0 | [Vkse,- - ve]) - U(0 | [vgs .. -, v0))
= epecrce((pop) — (Yop)o)
= (¢ — V) op=crerer(pop) — (Yop)

Now we have €, e, = (—1)* so the claim follows by corollary 3.9. ]

Corollary 3.11. Let o € H*(X; R) and B € H*(X; R) be cohomology classes. If at least one of k
and ¢ is even, then

a—f=0—a«a
If both k and ¢ are odd, then
a—f=—-F—a«a
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4 Some exercises

This section contains brief sketches of the solutions to some exercises from [1].

Section 2.1
Exercise 14

Suppose an abelian group fits in a short exact sequence

0 —— Zpm > A > Lipn > 0

for some prime p. Hence the size of A is |A| = p"*™. Consequently for some k > 1 and positive
integers ny,...,ni with ny + ... 4+ np = n + m we can write

k
A= @ ani
i=1

Since Zym is a subgroup of A, we must have n, > m for some a. Likewise, since Z,n is a quotient of
A we must have ng > n for some 3. From here it follows that either k =a = =1and ny =n+m
or k=2 and n, =m,ng =n. Hence A~ Zyn+m or A= Zyn © Lym.

Next, suppose A fits in a short exact sequence

0 > 7. y A > Dy, > 0

Let a € A be the image of 1 € Z and b € A be a premiage of generator of 1 + nZ € Z,. Hence
a and b generate A and n is the smallest positive integer i such that ib € (a). Let m € Z be the
unique integer such that nb = ma.

Let ¢ = (n,m) be the GCD of n and m, and let n’ = = and m = . Let p,q € Z such that
pn’ + gm’ = 1 (Bezout’s lemma). In the case of g = 1, we claim that pa + gb generates A. Indeed,
we have

n(pa + gb) = (1 — gm)a + g(nb)

1 — gm)a + gma (since nb = ma)

a

and likewise m(pa + gb) = b. Hence we see that A ~ Z when g = 1. Now consider the general case.
Let s := m/a — n'b (an element of order g) and ¢ := pa + gb. We have

gs+n't=a
—ps+m't =0

38



Hence s and ¢ generate A. Since s is of order g, we see that ¢ is of infinite order and hence A ~ Z,DZ.
The case of g = 1 is also covered here since Z; = 0. Finally, we must verify that the map A — Z,
taking a to 0 and b to 1+ nZ is well-defined (i.e. it does not violate any relations satisfied by a and
b) in order to conclude that A ~ Z,®Z is not only possible but also achieved. For this, observe that
this map sends s to —n’ + nZ, which has order g. Since s also has order g, this map is well-defined.

Exercise 18

The boundary map 0 : Hi(R,Q) — Ho(Q) from the sequence of the pair (R, Q) is an isomorphism
since H;(R) and Hy(R) are trivial. A basis for the free abelian group Hy(Q) is given by

{lcg —colo | ¢ € Q= {0}}
where ¢, is the O-simplex at ¢g. The 1-simplex
o, A = Rt tg
in R has boundary ¢, — ¢, so a basis of H;(R, Q) is given by

{lodre [ a€Q—{0}}

Exercise 19

Let X be the given space and let A be the subspace of X obtained by removing all irrational points
from the top edge. Since A has deformation retract I, we see that H, (A) is trivial for all n. Hence
the canonical map H,(X) — H, (X, A) is an isomorphism for all n. Now, let Z be the lower half of
X, s0 Z C int A. By excision it can now be seen that H, (X, A) ~ H,(R,Q) (which is free abelian
for n = 1 and trivial otherwise).

Exercise 21
The ‘obvious’ choice can be justified using theorem 2.14 on the pair (CX, A), where A is the base
of the cone C'X.

Exercise 26

It can be seen that H;(X,A) is a countably generated free abelian group using the idea used
for exercise 18. However, X/A is the Hawaiian earring space and so H;(X/A) is not countably
generated.

Exercise 31

0 0 » 7 —— 7 > 0
I
0 y 1. —— 7 > 0 > 0




Section 2.2
Exercise 1

Let N : D™ — S™ be the embedding of D™ as the northern hemisphere and S : D™ — S™ be the
embedding as the southern hemisphere. Define

SfN~Y(z) = isin the Northern hemisphere

F:S5"—=S"x—
SfS~1(x) = isin the Southern hemisphere

Hence F' is not surjective and so deg F' = 0. If F' had no fixed points then by proposition 2.19
we would have deg F' = 41, so we conclude that F' has a fixed point xy € S™. Hence xg lies in the
southern hemisphere and S~!(z) is a fixed point of f.

Exercise 2

If f has no fixed points then by proposition 2.19 we see that deg f = —1. Likewise if —f has no
fixed points then deg(—f) = —1. However, we also have deg(—f) = —deg f by proposition 2.18
so we see that if —f has no fixed points then deg f = 1. Hence at least one of f and — f must have
a fixed point.

Exercise 3

If at least one of f and —f has no fixed points then by proposition 2.19, deg f = +1. Hence
when deg f = 0 we see that both f and — f have fixed points.

Normalising the vector field F yields a map F : D" — S"~!. Restricting to the boundary,
F‘Snfl . Sn_l — Sn_l

is a null-homotopic map (in particular it has degree 0), so the preceding result applies.

Exercise 14

For n even we have deg f = deg(f o (—idgn)) = —deg(f), where the first equality comes from the
fact that f is even and the second comes from proposition 2.18. Hence deg f = 0.

Next we will show that when n is odd, deg f is even. We will outline a method different from
the one given as a hint in [1]. First, observe that —idg» = idgn (since n is odd). Hence if there
exists y € S™ such that f~!(y) is finite, then deg f | = is defined for each x € f~!(y) and also
deg f | x = deg f o (—idgn) | * = deg f | (—x), where the first equality follows from an argument
similar to the proof of proposition 2.21. Hence in the formula given by theorem 2.22, the terms
corresponding to x and —x pair up so that deg f turns out to be even.
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It now suffices to show that f is homotopic to a map g : S™ — S™ such that g~!(y) is finite for some
y € S™. Without loss of generality assume deg f # 0, since otherwise clearly we have that deg f is
even. For this, it suffices to show that f is homotopic to a smooth map ¢ : S™ — S™. Indeed, if
such g exists then it must be surjective (since degg = deg f # 0) so by Sard’s theorem g~'(y) is a
0-dimensional manifold for some y € S™. In particular, g~'(y) is discrete for some y € S™. Hence
g (y) is a closed (by continuity) and discrete subset of the compact space S™, i.e. g7'(y) is finite.

To show that f is homotopic to a smooth map, let U,V C S™ be open discs which cover S™ and let
¢: B" — U and ¢ : B" = V be diffeomorphisms, where B" is the open n-ball. By Weierstrass’
approximation theorem, we can uniformly approximate the continuous maps f¢ : B — R"™! and
f1 : B — R™"! by polynomial (in particular, smooth) maps P, Q : B® — R"™! with error bounded
by €. Let &, U : S™ — [0, 1] be a smooth partition of unity subordinate to the cover {U,V'}, with ®
subordinate to U and ¥ to V. We now define g, : S™ — R"*! as follows.

ge =0 Po 40 Qu!

It is easy to see that g. uniformly approximates f with error bounded by e. In particular, for e = 1
we see that g; has no roots (since || g1 (x)|| > || f(x)|| —1 = 0 for all z € S™) and also the line segment
joining ¢;(x) and f(x) does not pass through the origin for all z € S™. Hence, we have a homotopy
between g; and f given by

[0,1] x 8™ — R™™ —{0}; (t,7) — (1 —t)gi(x) + tf(z)

Hence, letting g = -2+ works.

g1l

Exercises 20 and 21
These are immediate consequences of the definition of the Euler characteristic using the number of
cells in each dimension.

Exercise 25

It is easy to see that ¢(X VYY) = ¢(X) + ¢(Y). Hence, if X is d-dimensional with ¢, many d-cells
then

O(X) = H(XT) + o(X/ X
= o(X") + cad(S7) (16)

In particular, if X = S? with cell-structure given containing exactly two d-cells, then X9~ ! = §¢-1
and so

3(87) = p(S*7) +20(57)
= ¢(8%) = —o(5"7)
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Hence we see that ¢(S?) = (—1)%n and

A(X) = ¢(X) + (=1)"n
by (16). Now it follows that ¢(X) = n(x(X) — 1). Also, under this definition we see that all
conditions are satisfied and ¢ is also homotopy invariant.
Exercise 27
The projection C,,(X) — C,(A) and inclusion C, (X, A) — C,,(X) need not always be chain mor-
phisms, and hence need not induce maps at the homology level.

Exercise 33

The result follows by induction on n by viewing X as the union of the two open sets A, and
AyU...UA,_; and using the Mayer-Vietoris sequence. To see that this is the best possible result,
we will inductively define a decomposition of S™ as a union of n + 2 open sets with the desired
intersection property.

For S, this is clear — we let A? and A be two singletons. Now if n > 0 and a desired decomposition
AT ,A;‘j& for S”~! is known, we construct one for S™ by viewing S™ as the suspension

S % [0,1]/ ~

of S"71. For i < n+ 1, let A be the image of A?~' x [0,2) in the suspension. Let A", be the
image of S"~! x (%, 1]. Tt is easy to check that the desired intersection property is satisfied by this
decomposition.
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