Mid-term : IDC 206 Mathematical Methods
Maximum Marks: 50 Time: 11 AM — 12:30 PM

Please note: You will be provided with answer booklets. Books, papers and
communication devices such as cellphones are not permitted. While an-
swering questions, you need to show all the steps in your computation.

Notation used: ¥'(z) = dy/dz,y"(z) = d*y/dz?.

1. Find a second-order differential equation for y(z) that has the solution
y(z) = €73 + 2ze7%*. What are the initial conditions y(0) and y'(0)? (10
marks)

2. Solve the Initial value problem:

y//(x) _ 3'3/(‘77) + Qy(x) = 14 sin 233,
y(0) =1,4'(0) = 0.

(10 marks)
3. Consider the differential equation

(1-2%)y"(z) — =y (z) + p’y(z) = 0,

where p is a constant. (i) Explain why you can find a power series solution
to this equation around z = 0. (5§ marks)

(ii) Find the first three non-zero terms in the general power series solution
around z = 0.(10 marks)

(iii) Find the minimum radius of convergence of this series solution. (& marks)

4. Consider the differential equation

ohy’(z) + (22° — 1)y (z) + % =0.

What is the behaviour of the most general solution to this equation as
x — oo0? (10 marks)
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where f(C) = 0 are not missed.

d

Separable Equations d_ayv = g(z)f(y)
' 1
Step 1: Separate z’s and y’s on different sides. mdy = g(z)dz
Step 2: Integrate both sides. / ﬁl—jdy = /g(z)d:v + C
Y

Step 3: Express y in terms of z where possible. If |y| = h(z), then y = +h(z).

If y = +e€ h(z), then y = A h(z) where

A is any real number (including zero).
Step 4: Check that constant solutions y = C

First Order Linear Equations

Step 1:  Find integrating factér. I(z) = e/P@)4=

Step 2:  Write differential equation as (I(:v)y), = I(z)Q(z)

Step 3: Integrate both sides. I(z)y = /I(w)Q(a:)dx + C

Step 4: Divide both sides by I(z) Y= ﬁ < / I(z)Q(z)dz + C)
Remark: Be careful with the sign of P(z). For instance,

If ' + %y = 1, the integrating factor is I(z) = e/1/* 4 = g,
If y' — 1y = 1, the integrating factor is I(z) = e/~V/=de = 1,

Second Order Linear,Homogeneous Equations

ay"+by’+cy=0

Step 1:

Step 2:

Step 3:
(i)
(ii)
(iii)

Write down the auxiliary equation.
Solve the auxiliary equation.

Depending on the roots:
b2 — 4ac > 0. Two real roots 1, 5.

b2 —4ac = 0. One real root 7 = r; = 79.

b%? — 4ac < 0. Two complex roots o % if3.

2 = e cRSTLL
ar’ +br+c=0 (CCuARACT T

—b+Vb? —4ac

2a

T =

GeneR AL SolLUTION:

y=ce" 4+ cye?”
y=cer+cyre”

Yy = c; €** cos Bz + ¢y €** sin Gz




Second Order Linear Non-homogeneous Equations

ay” + by’ + cy = G(z)

Method of Undetermined Coefficients

Step 1:  Solve the e-h&Mch&@Db&@uation.

Step 2:  Write down a trial solution:
(i)  G(z) = P(z)
W)  Glz) = P(x)er

U‘u) G(z) = P(z)e* cosmz or P(x)e* sinmz

ay"‘+ byt cyy =0
Y= y1(z) + ca ya()

Coess Ip your guess ik

yp = Q(z) 01 of(ii) solves e

homo o neous Egn-
Yo = Q(z) ek® Mo:;h'?% wgif by X -

1ois does not wovie, by X,

Yp = Q(z) e¥* cosmz + R(z) e¥* sinmz

Here, P(z),Q(z) and R(z) are polynomials of the same degree.

Indin)Multiply yp by z \‘F k-H~M 1S oo ot O'ﬁ aY +by +L =:=O

Step 3:  Substitute y, into the differential equation,
group terms of the same form together,
e.g. z"e** cosmz, 2"eksinma

and solve for the unknown coefficients.

Step 4: Write down the general solution.

ayy + by, + cyp, = G(x)

y(z) =Y=) + ()

Second Order Linear Non-homogeneous Equations

ay” + by + cy = G(x)

Method of Variation of Parameters

Step 1:  Solve the Mmﬂﬁ%lﬁﬂé equation.

Step 2: The particular solution has the form:

Write down the two conditions:

Solve the conditions for u| and uj.

Step 3: Integrate uj, uj to get uy,us.

Step 4: Write down the general solution.

ay; + by +cyp =0
Yh=antcy
Yp = U1 Y1+ u2y2

iy +upye =0
uy Yy +us Yy = G(z)/a
U = G(I)y2 o G(I)yl

= Uy = ——— 22
Yoalyiye —vhy) 0 a(vhy — Yive)

U =/u'1d.1: + o ug =/u'2d.7: + ¢

y=(Juidz+c)yr + (Jupdr + c2)ys

2
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