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Outline 

•  Intro to Berry phases and curvatures 

•  Electric polarization and Wannier functions 

•  Anomalous Hall effect 

•  Orbital magnetization 

•  Linear magnetoelectric coupling 

•  Topological insulators: Next lecture 

•  Summary 
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Berry phases 
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Berry phases 

… 

Now take limit 
that density of 

points →∞ 

⏐u3〉 

⏐u2〉 

⏐un〉 =⏐u1〉 

⏐u4〉 

⏐un-1〉 
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⏐uλ〉 

λ=0 
λ=1 

Berry phases 

φ is well-defined 
modulo 2π 

⇒  φ is a phase 
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⏐uλ〉 

λ=0 
λ=1 

Berry phases 

φ is well-defined modulo 2π 

⇒  φ is a phase 

0 

2π 
β(λ) 

λ 
⇒ 

m=1 

m=0 
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⏐uλ〉 

λ=0 
λ=1 

Berry phases 

Berry potential 

Berry phase 

Gauge transformation: 

A is gauge-dependent but 
φ is well-defined modulo 2π 
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Berry phase and curvature 

Famous example: Spinor in magnetic field 

E 

“up” along B 

“down” along B 

φ=(solid angle)/2 

solid angle 
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⏐uλ〉 

Berry curvature 

λx
 

λy
 

Berry phase per unit area 

F = Δφ/ΔAλ 
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Chern theorem 

The integral of the Berry curvature 
over any closed 2D manifold 

must be 2πC 
where C is an integer 

known as the Chern number. 
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Chern theorem 

Region B Region A 

φ 

Stokes applied to A: 
 
 
Stokes applied to B: 
 
 
Subtract: 

Chern theorem: 
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P = dcell / Vcell ? 

dcell ≈ 0 

dcell = ∫cell r ρ(r) d3r 



MASTANI School, Pune, India, July 10 2014 

P = dcell / Vcell ? 

dcell = 

dcell = ∫cell r ρ(r) d3r 



MASTANI School, Pune, India, July 10 2014 

P = dcell / Vcell ? 

dcell = 

dcell = ∫cell r ρ(r) d3r 
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Modern Theory of Polarization 

Problem: 

Knowledge of bulk charge density ρ(r) is not 
enough, even in principle, to determine P ! 

Solution: 

Go beyond |ψnk(r)|2 to access Berry phase 
information hidden in ψnk(r)  

King-Smith and Vanderbilt, 
PRB 47, 1651 (1993) 

Resta, Ferroelectrics 136, 
51 (1992) 
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(λx , λy)   ⇒   (k,λ) 

General 
Parametric 
Hamiltonian 

1D insulator 
with adiabatic 

parameter 

Berry phases in crystalline insulators 

⏐uλ〉 

λx
 

λy
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Change of notation 

Berry curvature:  F      Ω 
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1D: BZ is really a loop 

•  Reciprocal space is really periodic 

•  Brillouin zone can be regarded as a loop 

0 –π/a π/a 
k 

E 

k 

E 
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Parametric 1D Ham. (Open path) 

λ 

k 

Berry curvature Ω(kλ) 

λ
2
 

λ
1
 

-φ
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2
) 

φ
 
(λ

1
) 

(modulo e) 

(Resta, 1993) 
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k
x
 

E 

1D: Polarization 

n =1 

n =2 

King-Smith & V., 1993 
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Parametric 1D Ham. (Closed path) 

Ω (k,λ) 

Under an adiabatic cycle, (k, λ) space 

By Chern theorem, 

ΔP = n e ( n = TKNN invariant = integer ) 

λu
 

λv
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Polarization in a 2D insulator 

kx kx 

ky 

Py (kx ) ∝ φ (kx ) 

Py  

φ (kx ) 
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Discretized formula in 3D 

where 
elec - 
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Sample Application: Born Z* 

Paraelectric Ferroelectric 

+2 e   ? 

+4 e   ? 

– 2 e   ? 

– 2 e   ? 
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Summary: Theory of Polarization 

•  P cannot be expressed in terms of the bulk 
charge density 

•  P can be expressed in terms of the Berry 
phases of the Bloch bands 

•  Provides practical approach to calculation of P 

•  Alternate and equivalent view: Wannier 
functions  
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Form wave-packet = “Wannier function” 

Tutorial on Wannier functions 
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Crystal in real space: 

Brillouin zone in reciprocal space: 

Tutorial on Wannier functions 

0 –π/a π/a 
k 
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Crystal in real space: 

Brillouin zone in reciprocal space: 

Tutorial on Wannier functions 

0 –π/a π/a 
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Crystal in real space: 

Brillouin zone in reciprocal space: 

Unitary 
transformation 

R 

Tutorial on Wannier functions 

0 –π/a π/a 
k 
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Centers of Wannier functions: 

P 

? 

Tutorial on Wannier functions 

a 
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Centers of Wannier functions: 

Tutorial on Wannier functions 
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Centers of Wannier functions: 

P 

Polarization ↔ Wannier centers 

a 
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Wannier 
center 

rn 

Polarization ↔ Wannier centers 
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Total polarization 

Ionic 
polarization 

Electronic 
polarization 

Each term only well defined modulo eR/Vcell 
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Quantum of polarization 

Δφ → φ+2π    è   P → P+ΔP 

•  Spin-polarized systems (spinor bands) 
–  1D:  ΔP = ea/a = e  (C) 
–  2D:  ΔP = eR/Acell  (C/m)     (R = lattice vector) 
–  3D:  ΔP = eR/Vcell  (C/m2) 

•  Spin-paired systems (non-magnetic) 
–  1D:  ΔP = 2ea/a = 2e  (C) 
–  2D:  ΔP = 2eR/Acell  (C/m) 
–  3D:  ΔP = 2eR/Vcell  (C/m2) 
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Quantum of polarization 

Δ P = e R / Vcell 

R Vcell
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Quantum of P under adiabatic cycle 

Δ P = 0 Δ P = e R / Vcell 

R 

λu
 

λv
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Quantum of P and surface charge 

Surface DOS Surface ρ(r) 
Wannier mapped 

surface ρ(r) 

Empty 
surface 
band 

Filled 
surface 
band 

Δ P = e R / Vcell           Δ σ = Δ P • n = e / Asurf  
⌃ 
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Polarization as a lattice-valued quantity 

Δ P = e R / Vcell 

Cubic crystal Cubic crystal 
Distorted 

Cubic crystal 

P0 = 0 
P0 = (a,0) 
 etc. 

P0 = (-a/2, a/2) 
P0 = (a/2, a/2) 

   etc. 
P0+ΔP 

P0 = “Formal polarization” ΔP = “Effective pol.” 
     = “Spontaneous pol.” 
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Examples 

Unit cell of 
“2D Ar crystal” 

P = 0  etc. 

Unit cell of 
“2D KCl crystal” 

P = (a/2, a/2) etc. 

Ar  (Q = 0) Cl  (Q = –1) 

K  (Q = +1) P 
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Review articles on theory of polarization 

•  Three useful reviews: 

•  Currently posted at 
 http://www.physics.rutgers.edu/~dhv/tmp 
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Berry phase and curvature in the BZ 

⏐uk〉 

kx 

ky 

0 2π/a 

φ 

Bloch function 
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Bandstructure of a metal 

E 

kx 

ky 

Fermi Energy EF 
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Non-magnetic metal: no net Berry curvature 

⏐uk〉 

kx 

ky 

0 2π/a 

Ω 

FS u (kx , ky) = u* (–kx , –ky) 

φ = 0 

Time-reversal 
symmetry 

⇓ 

Ω(k) = –Ω(–k) 

⇓ 

⇓ 

If centrosymmetric too, 
then Ω=0 
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⏐uk〉 

kx 

ky 

0 2π/a 

Ω 

FS 
FS 

Magnetic metal: things get interesting 

(3D) 
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Ordinary Hall conductivity 
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Anomalous Hall conductivity (AHC) 

Ferromagnet 

AH 
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•  Karplus-Luttinger theory (1954) 

–  Scattering-free, intrinsic 

•  Skew-scattering mechanism (1955) 

–  Impurity scattering 

•  Side-jump mechanism (1970) 

–  Impurity or phonon scattering 

•  Berry-phase theory (1999) 

–  Restatement of Karplus-Luttinger 

Sundaram and Niu, PRB 
59, 14925 (1999). 

Anomalous Hall conductivity (AHC) 

A pure bandstructure effect! 
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Summary of Results 

Bcc Fe Fcc Ni Hcp Co 

Experimental 
Value 1032 -752 500 

Our theory 771 -2362 478 

AHC	
  (Ωcm)-­‐1 

•  Xinjie Wang, Jonathan R. Yates, Ivo Souza, and David Vanderbilt, "Ab-initio calculation 
of the anomalous Hall conductivity by Wannier interpolation," Phys. Rev. B 74, 195118 
(2006).  

•  Xinjie Wang, David Vanderbilt, Jonathan R. Yates, and Ivo Souza, "Fermi-surface 
calculation of the anomalous Hall conductivity," Phys. Rev. B 76, 195109 (2007).  
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bcc Fe: Calculated Berry curvature over ky=0 plane 

Ω(k)	
  	
  (atomic	
  units)	
  

DFT (LSDA): 
Non-collinear 

With spin-orbit 
 

Plane-wave basis 
(PWSCF) 

 
Wannier 

interpolation 
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Magnetizaton: 
  
  

 
 

Real crystals look like                     not 
 

Previous work is mostly based on integrating currents 
inside muffin-tin spheres 

 
But a knowledge of J(r) is insufficient, in principle, to 

determine M ! 

Interstitial regions are not empty! 
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•  Semiclassical derivation 
–  D. Xiao, J. Shi, and Q. Niu, Phys. Rev. Lett. 95, 137204 (2005). 

•  Wannier representation derivation 
–  T. Thonhauser, D. Ceresoli, D. Vanderbilt, and R. Resta, Phys. 

Rev. Lett. 95, 137205 (2005). 
–  D. Ceresoli, T. Thonhauser, D. Vanderbilt, and R. Resta, Phys. 

Rev. B 74, 024408 (2006). 

Modern theory of orbital magnetization 

•  Long-wave derivation 
–  J. Shi, G. Vignale, D. Xiao, and Q. Niu, Phys. 

Rev. Lett. 99, 197202 (2007). 
•  Calculations for Fe, Ni, Cu 

–  D. Ceresoli, U. Gerstmann, A.P. Seitsonen, and 
F. Mauri, Phys. Rev. B 81, 060409 (2010). 

•  Relation to magnetic circular dichroism 
–  I. Souza and D. Vanderbilt, Phys. Rev. B 77, 

054438 (2008). 
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Orbital magnetization of 2D insulator 

“Extended” 
orbital 

Bulk 
Wannier 
function 

Localized 
molecular 

orbital 

Is this all? 
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What is missing? 

r 
r = + 

⎪ws〉 ⎪ws〉 ⎪ws〉 

Local Circulation 
(LC) 

Itinerant Circulation 
(IC) 

〈v〉 
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Morb in Wannier representation 

Local circulation 

Itinerant circulation 
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Convert two terms to k-space 

(Berry curvature) 
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Results for Morb of Fe, Co and Ni 
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Linear magnetoelectric coupling (MEC) 

Spin Orb. Spin Orb. 
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Frozen-ion orbital MEC 
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NG = non-geometric 

CS = Chern-Simons 

Frozen-ion orbital MEC 
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Gauge properties of CS piece 

CS = Chern-Simons 
It turns out that: 
•  θgeom is only well-defined modulo 2π 
•  Just as φBerry is only well-defined modulo 2π 
•  In fact, there are close mathematical relations 

between the two… 
Consequences for topological insulators… 
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