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Most	
  widely	
  used	
  approxima&ons	
  (Local	
  Density	
  Approxima&on	
  -­‐	
  LDA,	
  and	
  Generalized	
  Gradient	
  
Approxima&on	
  -­‐	
  GGA)	
  are	
  based	
  on	
  the	
  homogeneous	
  electron	
  gas	
  limit	
  

How	
  well	
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  DFT	
  work?
S. Baroni et al. Rev. Mod. Phys 73, 515 (2001)
P. Giannozzi et al. Phys. Rev. B 43, 7231 (1991)



The	
  band	
  gap	
  “problem”

h:p://lamp.tu-­‐graz.ac.at/~hadley/ss2/fermigas/db/si/Si.php

Si	
  band	
  structure
The	
  band	
  gap	
  from	
  (approximate)	
  DFT	
  is	
  ~0.6	
  eV,
smaller	
  than	
  the	
  experimental	
  gap,	
  ~1.1	
  eV

However,	
  remember:	
  DFT	
  is	
  a	
  ground	
  state	
  theory!
(we	
  are	
  not	
  supposed	
  to	
  use	
  it	
  to	
  compute	
  the	
  gap)

Fundamental	
  gap:

with	
  approximate	
  xc	
  func&onals:
•	
  the	
  first	
  term	
  is	
  approximate
•	
  the	
  second	
  term	
  is	
  absent
•	
  other	
  inaccuracies	
  may	
  arise	
  as	
  well	
  (e.g.,	
  on	
  the	
  
	
  	
  	
  structure)

http://lamp.tu-graz.ac.at/~hadley/ss2/fermigas/dft/si/Si.php
http://lamp.tu-graz.ac.at/~hadley/ss2/fermigas/dft/si/Si.php
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Problematic cases: Transition-Metal Oxides

TM ion

Oxygen

AFII ground state

Rhombohedral symmetry
and (possible) distortions

INSULATORS 

Mott localization of valence
electrons on d states

• Rhombohedral distortion overestimated
• Poor estimate of structural properties
• FM ground state (FeO)
• Too small or no gap at all

Approximate DFT (e.g., LDA or GGA):
• Magnetization underestimated
• Wrong ordering of states
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 Anti-ferromagnetic: OK
 Crystal structure cubic: OK
 Crystal field produces the band gap.

 Band gap is too small
 O-p states should be at the top of 

the valence band. 

Ni2+

Example: GGA results for NiO
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Fe2+

 Antiferromagnetic order: NO → FM
 Crystal structure cubic: OK
 Rhombohedral distortion: overestimated
 Ground state is metallic

Example: GGA results for FeO

Structural distortion under pressure

M. Cococcioni and S. de Gironcoli, PRB 71, 035105 



Consider solid Na(2s22p63s1): 

At the equilibrium lattice constant a0:
Independent electrons: band theory 
Half filled band → metal

Consider very large a: 
 Half-filled 3s orbital becomes 

narrower, but it is still half-filled.
 Band theory still predicts a metal!

Isolated Na atoms still described as a metal; what is going wrong?

Band theory
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t → hopping matrix element
U → on-site Coulomb repulsion 

Band term is easy to solve; introduce → 

creation/annihilation operators

N: number of atoms

J.Hubbard, Proc. Roy. Soc. Lond. (1963-1967)

Introduction to the Hubbard model



 Metallic when t >> U
 Insulating when t << UMott transition

band-shape dependent
constant

Mott N.F.: Proc. Roy. Soc. A62, 416 (1949)

More on the Hubbard model
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How	
  good	
  is	
  DFT?

A	
  “simple”	
  case:	
  the	
  dissocia&on	
  of	
  H2	
  

Exact:

DFT:

or

equal	
  probability

The	
  curvature	
  of	
  the	
  energy	
  is	
  exaggerated
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N N+1N-­‐1

The	
  exact	
  energy	
  is	
  piece-­‐wise	
  linear	
  
(sta&s&cal	
  ensemble)

System Reservoir

The	
  chemical	
  poten&al	
  	
  	
  	
  	
  	
  should	
  be	
  
discon&nuous

J. Perdew et al., PRL 23, 1691 (1982)

Why	
  does	
  DFT	
  fail	
  in	
  capturing	
  localiza&on?	
  Approxima&ons	
  are	
  based	
  on	
  the	
  homogeneous	
  e-­‐	
  gas!
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A very simple idea: let’s describe localized d or f electrons as located on isolated (atomic) 
states in a “crystal bath”. Let’s use the Hubbard model to describe their behavior. 
We need to “embed” the Hubbard Hamiltonian in the DFT energy functional

V. I. Anisimov et al., PRB 48, 16929 (1993) A. Liechtenstein et al. PRB 52, R 5467 (1995)
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DFT+U

Original formulation:

We add the Hubbard functional, subtract its MF value (to avoid double-counting)

The Hubbard correction acts selectively on localized states:  

A very simple idea: let’s describe localized d or f electrons as located on isolated (atomic) 
states in a “crystal bath”. Let’s use the Hubbard model to describe their behavior. 
We need to “embed” the Hubbard Hamiltonian in the DFT energy functional

V. I. Anisimov et al., PRB 48, 16929 (1993) A. Liechtenstein et al. PRB 52, R 5467 (1995)



DFT+U: rotationally invariant formulation
The expression of the corrective “+U” functional should be independent from the specific 
choice of localized states

A. Liechtenstein et al. PRB 52, R 5467 (1995)



DFT+U: rotationally invariant formulation
The expression of the corrective “+U” functional should be independent from the specific 
choice of localized states

where:

are Kohn-Sham states are localized atomic orbitals (d or f) 

A. Liechtenstein et al. PRB 52, R 5467 (1995)



A simpler formulation



A simpler formulation
Effective interactions:



A simpler formulation
Effective interactions:

Let’s neglect interaction anisotropy:



A simpler formulation

After some algebra.... Dudarev et al., PRB 57, 1505 (1998)

Effective interactions:

Let’s neglect interaction anisotropy:
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How does it work?
Because of the rotational invariance we can use a diagonal representation:

where:

Potential:

Partial occupations of atomic states
are discouraged

Potential discontinuity re-established (and 
inserted in the spectrum)

A gap opens: 
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LDA+U NiO 

M. Cococcioni and S. de Gironcoli, PRB 71, 035105 (2005)

✓Gap improves

✓O p states on top
of the valence band
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FeO: DFT and DFT+U
DFT DFT+U

M. Cococcioni and S. de Gironcoli, PRB 71, 035105 (2005)

✓Insulating character
    (Gap of right size)

✓AFM ground state 
   (AFII)



Symmetry and degeneracy of d states
In an isolated atom all the d states are all degenerate

In a cubic crystal (highest possible symmetry) they split in two group
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FeO: breaking the symmetry
Cubic Rhombohedral Tripartition of (111) planes
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FeO: which insulating state? 
Total energy:

Structural distortion under pressure

M. Cococcioni and S. de Gironcoli, PRB 71, 035105 (2005)
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What about U?

Many possible ways to interpret the “+U” correction:

• Additive correction shaped on the Hubbard model

• Linearization of the total energy wrt n

Exact

DFT

Open system in contact with a charge reservoir:

• Energy should be linear between integer N

• Potential should be discontinuous at integer N

• Discontinuity of 1st derivative: fundamental gap
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The (approximate) DFT energy has an 
unphysical curvature
The exact solution is piecewise linear
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(1991),  PRB (1995); Dudarev, and coworkers PRB (1995)
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DFT+U	
  correc6on The (approximate) DFT energy has an 
unphysical curvature
The exact solution is piecewise linear
+U correction reproduces the exact 
solution

U and rotationally-invariant U: V.I. Anisimov and coworkers PRB 
(1991),  PRB (1995); Dudarev, and coworkers PRB (1995)
LRT U: M. Cococcioni PhD (2002), and M. Cococcioni and S. de 
Gironcoli. PRB (2005)

The meaning of U in DFT+U
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Second derivatives
• Second derivatives can not be directly obtained from DFT calculations

• Legendre transforms can help us:

Let’s apply a shift to the potential acting on localized states:

A functional of the atomic occupations can be recovered as:

First and second derivatives can then be easily obtained as:

M. Cococcioni and S. de Gironcoli, PRB 71, 035105 (2005)
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In practice: linear response
Apply a perturbation to the potential acting on the localized states of each Hubbard 
atom and compute the response of the occupations

Response matrices:

Effective interactions:

M. Cococcioni and S. de Gironcoli, PRB 71, 035105 (2005)



Some technical details

• The perturbation is applied in a supercell to 
   assure it is isolated from its periodic replica

• The value of U should be converged with the 
   size of the supercell 

• The perturbation is applied on all the 
   non-equivalent “Hubbard atoms” 

• Often also non-Hubbard atoms and states are 
   perturbed to evaluate the response of the 
   “crystal bath” (charge reservoir)
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Let’s use a more general perturbing potential (i runs over all atomic states):
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Expression of U

Let’s use a more general perturbing potential (i runs over all atomic states):

Using linear-response theory and the definitions given in the previous slides, 
one obtains:

B. Himmetoglu, A. Floris, S. de Gironcoli, M. Cococcioni, Int. J. Quant. Chem. 2014



Expression of U

Let’s use a more general perturbing potential (i runs over all atomic states):

Using linear-response theory and the definitions given in the previous slides, 
one obtains:

The UI actually computed is a “renormalized” atomically-averaged quantity. 
The renormalization is due to other (non-localized) states.

B. Himmetoglu, A. Floris, S. de Gironcoli, M. Cococcioni, Int. J. Quant. Chem. 2014
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Advantages of LR calculations of U

• Fully ab initio estimation of the effective interaction (no guess or semiempirical
evaluation needed

• Consistency of the effective interaction with the definition of the energy functional 
and of the on-site occupations
Other localized basis sets can be equivalently used: gaussian, wannier functions, etc

• Captures the variation of U with species, spin, crystal structure, volume and 
symmetry

• Consistency with the DFT approximation

• Easy implementation in different computational schemes.
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Important things to keep in mind
• Approximate xc correlation functionals result in 
  a spurious curvature of the energy (self- 
  interaction)

	
  	
  	
  	
  	
  DFT

DFT+U	
  correc6on

• The “+U” correction aims at eliminating this 
   curvature

• U can be evaluate (from linear response theory)
   as the effective curvature of the energy:



End of the introductive part

Questions?
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If computed as the second derivative of the energy, U re-establishes energy discontinuities:
the fundamental band gap:
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DFT+U for covalent semiconductors

Si GaAs
a (A) B (GPa) Eg (eV) a (A) B (GPa) Eg (eV)

GGA

GGA+U

Exp

5.48 83.0 0.64 5.77 58.4 0.19

5.36 93.9 0.39 5.74 52.6 0.00

5.43 98.0 1.12 5.65 75.3 1.42
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DFT+U for covalent semiconductors

Si GaAs
a (A) B (GPa) Eg (eV) a (A) B (GPa) Eg (eV)

GGA

GGA+U

Exp

5.48 83.0 0.64 5.77 58.4 0.19

5.36 93.9 0.39 5.74 52.6 0.00

5.43 98.0 1.12 5.65 75.3 1.42

Can the “+U” functional improve the band gap of band semiconductors?

Unfortunately not: inter-site hybridization suppressed by U
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The DFT+U+V functional
DFT+U energy functional

U is the on-site interaction, V is the inter-site one; they are in competition

Generalized occupations:

DFT+U+V energy functional

V. L. Campo Jr and M. Cococcioni, J. Phys.: Condens Matter 22 055602 (2010)

U and V can be computed simultaneously (and with no extra cost):
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NiO
GGA

GGA+U

GGA+U+V

Typical TMO:
• Rock-salt structure
• AFII: rhombohedral symmetry
• Mott or Charge transfer insulator



NiO

NiO
a (bohr) B (GPa) Eg (eV)

GGA

GGA+U

GGA+U+V

GGA+U+Vsc

Exp

7.93 188 0.6

8.07 181 3.2

8.031 189 3.6

7.99 197 3.2

7.89 166-208 3.1-4.3

GGA

GGA+U

GGA+U+V

Typical TMO:
• Rock-salt structure
• AFII: rhombohedral symmetry
• Mott or Charge transfer insulator
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Band semiconductors: sp3 hybridization

U and V computed and used on 
p and s states

V. L. Campo Jr and M. Cococcioni, J. Phys.: Condens Matter 22 055602 (2010)
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DFT+U+V band structure of Si and GaAs

V. L. Campo Jr and M. Cococcioni, J. Phys.: Condens Matter 22 055602 (2010)



Structural properties of Si and GaAs

Si GaAs

a (A) B (GPa) Eg (eV) a (A) B (GPa) Eg (eV)

GGA

GGA+U

GGA+U+V

Exp*

5.48 83.0 0.64 5.77 58.4 0.19

5.36 93.9 0.39 5.74 52.6 0.00

5.37 102.5 1.36 5.65 67.5 0.90

5.43 98.0 1.12 5.65 75.3 1.42

V. Leiria Campo Jr and M. Cococcioni, J. Phys.: Condens Matter 22 055602 (2010)

* from http://www.ioffe.ru/SVA/NSM/Semicond/

http://www.ioffe.ru/SVA/NSM/Semicond/
http://www.ioffe.ru/SVA/NSM/Semicond/
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V. Srivastava et al., Adv. Energy Mater. 1, 97-104 (2011) 
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Magne&sm	
  in	
  Ni2MnGa

Barman et al., Phys. Rev. B 72, 
184410 (2005)
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B. Himmetoglu V. M. Katukuri and M. Cococcioni, 
J. Phys. Condens. Matter 24, 185501 (2012)
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CuO: a “strange” transition-metal oxide
Why studying the cubic
structure? 
• proxy material of HTSC
• role of electron-phonon
• structural distortion: 
   Jahn-Teller?

Other TMOs:

cubic structure
rhombohedral 
symmetry

AFII

CuO:

monoclinic
(tenorite)

epitaxially 
grown as 
tetragonal RS

G. Peralta et al., PRB 80, 140408 (2009)
P. Grant, J. Phys. Conf. Ser., 129, 012042 (2008)

Is the cubic (c/a = 1) phase really metallic?
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CuO: electronic structure

Non-magnetic, cubic phase

Cu: 9 d 
electrons

Rhombohedral 
rock-salt (AFII)

AFII: rhombohedral cell
(stabilized by Up)

DFT

metal!

DFT+U

Occupations: Cu d states: 9.68 e-; O p states: 4.94 e-

DFT+U+Up

still a metal!

Occupations: 
Cu d states: 9.36 e- 
O p states: 5.27 e-

B. Himmetoglu R. M. Wentzcovitch and M. Cococcioni, Phys Rev B (2011)
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CuO: broken symmetry
triclinic cell: the equivalence 
of eg states is broken

CuO is insulator (cubic phase)

DFT+U+Up

Up = 0   ==>  non magnetic state ==> cubic symmetry ==> metallic state

A competition exists between two tendencies: filling up the d shell, and magnetism

A better description of magnetic interactions on d states is necessary

However, Up on O p states is 
needed
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Explicit magnetic interactions: DFT+U+J energy functional

The “+J” term improves the description of magnetic interactions between localized 
electrons and leads to the localization of hole on Cu d states

B. Himmetoglu R. M. Wentzcovitch and M. Cococcioni, Phys Rev B (2011)



CuO: DFT+U+J ground state

B. Himmetoglu R. M. Wentzcovitch and M. Cococcioni, Phys Rev B (2011)



The End

More questions?


