Sample Questions: Quantum Mechanics I1

Q1) Given that |[+) = [s =1/2,m =1/2) = ((1)) and |-) =[s =%, m=—3)

the direct product states | + +),| + —).
Soln:

Single-particle spin states:

we want to construct product states for a two-particle spin system.

Compute | + +)

[++) =1+

Using the given matrix representations:

The tensor product is computed as:

o O O

Thus, the explicit form of | + +) is:

o O O

Compute | + —)

((1)) Find explicit forms for

The state | + —) represents the first particle in the |+) state and the second particle in the |—) state:

[+-) =)

Using the matrix representations:

The tensor product is computed as:

o O = O

Thus, the explicit form of | + —) is:



o O = O

+-) =
Similarly, the remaining states | — +) and | — —) are:
0 0
0 0
=0 =]
0 1

These states form the standard basis for a two-spin system in the S, basis.

Q2) Clebsch-Gordan Coefficients for § ® 1 =3 & 3

Soln:

Uncoupled basis states:

1
‘2am1>®’17m2>7 (1)

where m; = :t% and mg = —1,0,1. These states form a six-dimensional space, which can be rewritten in
terms of total angular momentum eigenstates |J, M), using CG coefficients:

1
— J,M
LMy = > CiM 2,m1>®]1,m2>. (2)
mi,ma2
Possible J and M Values
3 1
J==. J=2= 3
S J=3 3)
For each J, the allowed M values are:
e When J = %:
M = §7 ) _17 _§'
2" 2 2 2
e When J = %:
1 1
M== —-.
2’ 2

These coupled states can be expressed as linear combinations of the uncoupled basis states using Clebsch-
Gordan coefficients:

LMy = > CiM

mi,ma

1> X |1,m2> .

mi,ma2

33 11
22V =122V @1, 1).
‘272> ‘2,2>®\ 1)




The total angular momentum lowering operator S_ satisfies the relation:

S_|J, M) =/(J+M)(J—-M+1)[J,M—1).
L33 )en.

31
272/

total spin operator S_ is the sum of the lowering operators acting on each particle,

Applying S_ to |3/2,3/2)

Applying the lowering operator:

272

5‘3 3>=\/§

S_=5_4+5_.
apply this to the product state:

(S1_ +S5.) <’; ;> |1, 1)) .

Applying S_ to Each Component Using the action of the lowering operator:

s a)=[3-3)
Sy [1,1) = v2|1,0). (5)

Thus, applying S_:

3 3 11 11
= 2V =8 |=. = 1,1 i _1,1
S ‘2,2> S ‘2,2>®|,>+’2,2>®52 [1,1)

1 1 11
=|=,—= 1,1 2=, = 1,0).
‘2, 2>®| : >+\f‘2,2>®| ,0)
Comparing with
33 31
S_’2,2>—\/§ 2,2>,

we equate terms and obtain the Clebsch-Gordan coefficients:

)=Vl oo -onn

3) |J, M) = %,—%>
Lowering from M = % to M = _%
Applying the lowering operator S_ to %, %)
31 3 1
[ P G5 I
sz v2pa) "

Since S_ = S1_ + So_, we act on:

(S + S5) <\/§‘2é>®|1,0>+\/g’;,—;>®|1,1>>. (8)

Using the known actions:



Applying these:

31 2 (|1
s32)=Vi(a-
1
+ <\/§
3
Simplifying:
3 1 _\F1
2" 2/ V3|2
4) |J, M) =13, -3)
Lowering fromM:—% toM:—%

Applying S_ to |3/2,—1/2):

Since S_ = S1_ + S9_, we act on:

(S1-+Ss.) <\/§';—;> 911,00 + \/g';;> ® 1,-1)) .

Using the known actions:

Thus:

Simplifying:

e For J = % States

11
lpa)

.

1 1
27 2/

Sa— ‘1a0> = \@’17 _1>7

Sy [1,1) = v/2]1,0).

1
2

3
2

1 3 3
1) =B

1 1
Sl* ‘25_2> _07
So_|1,0) =v/2|1,-1),
Sy |1,—1) = 0.

>® \1,0>) + ﬁ(’;» ®\f2|1,—1>>

1 1
27 2

3 1 211 1
8- ‘2"2> = \/;’2"2> ® V2L, -1).

57

3

3

2

)|

1 1

A

Yol-).

(14)

(15)

(16)

(21)



ono-Ip-Dons

-V
fil-bena- ien-s

)

Clebsch-Gordan Coefficients:

J, M | (my1,mg) | CG Coefficient
Gy [
53 | (30 5
(-31) N
8,-%| (-4.0) NE
(3.-1) N
23 [ (=31 1
L1 (.0 NE
Lo |
L-3| (=50 Ne
(3 -1) —\/3

Q3) If H=— (7151 + 72§2> - B and B = Byk, then find the eigenvalues of H using direct product basis.

Soln: Since B is in the z-direction, only the S, components contribute:

H = -8By (7151,2 + ’725’22) .

The spin states of each particle are given by:

Siz]s1,m1) = mi|s1,mr), Sazls2, ma) = ma|sa, ma).

Thus in product basis [m1,ms) the Hamiltonian acts as:

H|my,mg) = —Bo(y1mi + y2ma)|my, ma).

Product Basis: For two spin—f particles, the possible values of m; and ms are:
1 1
mi,Mm9 S 5, —5 .
11 H_>_11 ’+>_11 | >_11
2°2/° 2 2/ 272/ 2 2/

Applying the Hamiltonian to each basis state

|+ +) =

1 1
H|++>:—BO< 54'72 )|++>

By
= -5 4w+

20(y) +75), = Eigenvalue of | + +).

Eiy=—
++ 5



Similarly

H|+—-) = —Bo (71';+’Y2'<—;)>|+—>

By

= —7(71 —72)|+ ).

B
E,_ = _?O(fyl —72) = Eigenvalue of | + —).

H|—+) =—Bo (’Yl' <—;)+72';>|—+>

By
= —7(—71 +72) —+)-

For | — +):

Eigenvalue for | — +) is:

B
E_=—2(=n+%) = 5 (n — ).
2 2
For | — —):
1 1
Hl—-)=_B B == S
|—=) 0<71 < 2>+72 < 2>>| )
By
= —7(—’71 —72)l = —)
Eigenvalue for | — —) is:

B
E__ = 22(y1 + ).

2
Basis State | Eigenvalue
|+ +) —B2 (11 +12)
|+ =) —Bo(yy — )
| —+) B0 (1 — )
- | Bt

Q4) The Hamiltonian describing the hyperfine interactions is Hp; = AS) - S, (A > 0). The total
Hamiltonian H = Hcoloumb + Hpp Show that Hjy splits the ground state into two levels

h? A 3h%A
E+:—Ry—|—TandE,:—Ry— 1

soln:

The Hamiltonian describing the hyperfine interaction is:
th:A§1-§2, A>0.
The total Hamiltonian is given by:
H = Hcowlomb + Hpy

Expressing Hp,; in Terms of Total Spin S



- = 1
Sl-ngi(SQ—Sf—SS).

Since S7 and S5 are spin—% particles:

Thus,

Energy Eigenvalues for Singlet and Triplet States

The total spin .S can take values:
e Triplet states (S =1): S? = 1(1 + 1)h% = 2A%.
e Singlet state (S = 0): S? = 0.

For the triplet states:

. 1 3 1
Sy == (2r*—ZH?) = —K%
S1-52=3 < 2 ) 4
For the singlet state:
- o 1 3 3
. = — — 7h2 = —7h2.
S1-52 =3 (0 2 ) 4

Since Hpy = AS; - 52, the energy corrections due to Hy are:

1 h?A
Etriplet =Ax th = 4
K =Ax —§h2 = 3h2A
singlet — 4 = 4
Thus, the total energy levels including the Coulomb contribution (Ey = —R,)) are:
h?A 3n2A
E+:—Ry+T, E_=-R,— i

Q5) Let H of a two spin system be given by,
H=A+B 51 . §2 + C (S1. + S2.), A, B,C are constants.

Determine the eigenvalues and eigenfunction if the particles have spin 1/2.
Soln:

Expressing S - Sy in Terms of Total Spin
= = 1
51-52:5(52—5%—53).
Since each spin has S = S3 = %hQ, this simplifies to:

2 3.9
(s ).

Sy -8 =

N | =



Basis States:
The two spin-1/2 particles form a singlet and a triplet:

e Triplet States (S = 1, symmetric):

[1,1) = [11),
1
1,0) = 7 (I +141),
1,-1) = | 4.
e Singlet State (S = 0, antisymmetric):
1
10,0) = “i'ﬂ ™ =141).

Evaluating §1 . gg

Using S2|S,mgs) = S(S + 1)h?|S, mg):

e For the triplet states (S = 1):

=~ = 1 3 2 1 2
Sh=-(10+1) -2 )\R2="2
St -9 5 < ( + ) 2) h 4h
e For the singlet state (S = 0):
, 1 3\ , 3.,
S1-5 = 3 (0(0 +1) 2> he = Zh

Evaluating S, + S9,:

(Slz + S2z)|S7 mS) = mSh‘Sa mS>7

we obtain the following results for each state:

(Slz + SQZ)H, 1> = h’l, 1>,
(Slz + SQZ)‘]-)O> = O)
(Slz + 522)‘17 _1> = —ﬁ‘l, _1>7

(Sis + S22)[0,0) = 0.

The Hamiltonian acts on the basis states as:
H|S,ms) = (A + B8-S+ cmsh> 1S, ms).

Using our previously calculated values for S - §2, we find the eigenvalues:

For the triplet states (S =1)

e For |1,1): 5
E1q :A+Zh2+0h.

e For |1,0): 5
&p:A+Z#.

8



e For |1,—1):
By
Ei_1=A+ Zh — Ch.
For the singlet state (S = 0): |1,0)

B
EQ,O - A - 3777?

6) Consider H! = X\z* and H, = Sl + imw?2?. Show that the first order energy shift is E}
5 2m 2 n
22 (14 2n + 2n?).

Soln: First Order Energy Shift for H' = Az*. We consider the unperturbed Hamiltonian:

2

1
Hy = % + imwsz.
The perturbation is given by:
H' =\t

First Order Energy Correction Formula

In non-degenerate perturbation theory, the first-order energy correction is given by:

E} = (n|H"|n).
Thus, we need to compute:

E! = Xn|z*n).

Expressing « in Terms of Ladder Operators. The position operator z in terms of the creation (a!) and
annihilation (a) operators is given by:

h
— T
x S (a+a).
Squaring both sides:
2 _ 12
=g (a+a')
Expanding:
2 _ P (2 et i
:c:—(a +a +aa+aa>.
2mw

Using the commutator relation:

la,a'] =1 = aa' =ala+1,
T :7<a2+aT2+2aTa+1>.
w

no\2
xt = <> (a® +a'? + 2ata +1)%
2mw

Expanding:



no\2
2t = <2> <a4 +a™ +4a'a+ 4aTaa’a + 2(a®a’a + a'aa?) + 2(a?a’a + aTaa’®) + 2(a® + a'?) + 1) .
mw

Taking expectation value in state |n), we use:

(n|a’aln) = n,
(nla®ln) =0, (nla|n) =0,
(n|aaa’aln) = n(n + 1).

Since a?|n) and a?|n) are orthogonal to |n), their expectation values vanish.
Thus, only the terms involving n survive:

2
(n|zt|n) = <27Zw> (14 2n + 2n?%)3.

Substituting this into our formula for E}:

El =\

10



