ON PARABOLIC BUNDLES ON ALGEBRAIC SURFACES
R. PARTHASARATHI

ABSTRACT. The aim of this paper is to construct the parabolic version of
the Gieseker-Uhlenbeck map from the Gieseker compactification of the moduli
space of parabolic stable bundles to the Donaldson-Uhlenbeck compactification
of the moduli space of vector bundles with parabolic structures along a divisor
with normal crossing singularities on an algebraic surface.

1. Introduction

Let X be a smooth projective surface over C. Let D be a divisor with simple
normal crossings on X. The study of the moduli space of sheaves with parabolic
structures has been done in great generality by Maruyama and Yokogawa in [10].
Their work is a generalisation of the moduli space construction of Mehta and Se-
shadri [11] for curves.

In [1] we have constructed the Donaldson-Uhlenbeck compactification of the
moduli space of parabolic u-stable(slope stable) bundles.

In this paper our aim is to give an alternate construction of a compactification of
the moduli space of parabolic stable sheaves analogous to Gieseker’s construction
but which proceeds using the orbifold point of view. This was the approach in [1]
for the construction of the Donaldson-Uhlenbeck spaces as well.

A few words of justification are needed for the construction of yet another com-
pactification. The principal goal for this approach was an explicit realization the
morphism from the Gieseker compactification of the moduli space of parabolic bun-
dles to the Donaldson-Uhlenbeck compactification of moduli of parabolic bundles.
This is realized in this approach and opens up possibilities of obtaining topological
applications coming from the study of this morphism.

This map can be viewed as a generalisation of the Gieseker-Uhlenbeck map
constructed by Jun Li [8] to the case of parabolic bundles. The construction of the
map is done in two steps. In the first step we convert the problem of parabolic
moduli on X to the I'moduli problem on a suitable Kawamata covering Y of X
(where T is a finite group corresponding to a covering). Secondly, we study the
determinant line bundles on the Gieseker compactification of the moduli space of
I'~bundles on Y'; we obtain the Gieseker-Uhlenbeck map in the I'-category or what
could be termed the orbifold setting. The invariant direct image construction given
by Seshadri-Biswas correspondence 2.14, induces the Gieseker-Uhlenbeck map in
the parabolic category on X.

1.1. Notations. We fix the following notations. Let MP?*"(P) denote the moduli
space of parabolic y—semistable sheaves on X with parabolic Hilbert polynomial
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P and parabolic datum s, (see Section 2.3). MP%"(c,) denotes the moduli space of
parabolic y—semistable sheaves of rank r on X of type c. = (P, k,s.), where P the
determinant of F,, k the second Chern class of the underlying sheaf of F, together
with parabolic datum s,. MP*#(c,) denotes the moduli space of parabolic u—
semistable sheaves My, . of rank r with parabolic structure given by (o, k,Lr)
where

e a=(a1,ay,..,q1),
o 1= (deg(F1),deg(F5),...,deg(Fy))
o r = (rank(Fi/Fy),rank(Fy/F3),...,rank(F;/Fi11))

In our notation fixing s, is equivalent to fixing the tuple (e, k, 1, r).
The main theorem of the paper is:

Theorem 1.1. Let X be a smooth projective algebraic surface over C. Let ©4
be an ample divisor on X. Let D be a mormal crossing divisor on X. Let P be
a polynomial in Q[z]. We fiz s, a parabolic datum. Then there is a moduli space
MPe"(P) of parabolic x-semistable sheaves E. of rank r on X with parabolic Hilbert
polynomial P. Moreover, there is a morphism v which we term the “Gieseker-to-
Uhlenbeck” map for the parabolic bundles:

v MP () —s MPOTH(c,)

The theorem is an immediate consequence to Theorem 4.14 and Theorem 5.11.
Actually we have Theorem 4.14 in a more general setting. Let Y be a smooth
projective algebraic variety over C. Let © be an ample line bundle on Y. We prove
that there is a coarse moduli space MT which represents the equivalence classes of
pure d-dimensional (T, x)-semistable sheaves on Y.

To construct the moduli space of (T, y)-semi stable sheaves, we work with the
I-fixed points RY (see Section 4) of the Quot scheme Quot(V ® W, P) of semistable
coherent sheaves with fixed Hilbert polynomial P( the study of I'-fixed points is
due to Seshadri in the curve case [13], see also [14]). We show that R' can be
embedded into a suitable Grassmannian variety (see section 4). We use GIT to define
semistable points in this Grassmannian variety. Using the embedding we identify
the semistable points in R". We prove that the semistable points in the scheme R
are in fact the (I, x)—semistable sheaves parametrised by the scheme. Then we use
GIT to conclude that a good quotient M of the R' exists. This good quotient
is indeed the moduli space of (T, x)-semistable sheaves. The moduli space M™ of
(T, x)—semistable sheaves of certain local type 7 is a Gieseker compactification of
the moduli space of parabolic stable bundles on X.

In the end, using the universal property of the categorical quotient, we have the
Gieseker-to-Uhlenbeck map ~.
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Prof M.S. Narasimhan, and Arijit Dey for some useful discussions. Main draft of
the article was prepared when the author was a Post Doctoral Fellow at ICTP,
Trieste, Italy.
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2. Parabolic bundles

Let X be a connected smooth projective variety of dimension n. Let D be an
effective divisor on X. For a coherent sheaf E on X the image of F'@, Ox(—D)
in E will be denoted by E(—D). The following definition of parabolic sheaf was
introduced in [10].

Definition 2.1. [10, Definition 2.3] Let E be a torsion-free Ox -coherent sheaf on X .
A quasi-parabolic structure on E over D is a filtration by Ox-coherent subsheaves

E = F\(E) D F»(E) D --- D Fi(F) D Fi41(E) = E(-D)

The integer | is called the length of the filtration. A parabolic structure is a
quasi-parabolic structure, as above, together with a system of weights {cy,--- ,a;}
such that

< << - <a_1 <o <1

where the weight a; corresponds to the subsheaf F;(E).

We shall denote the parabolic sheaf defined above by (E, F, o). When there is
no risk of confusion it will be denoted by FE..

Remark 2.2. In general one associates a tuple {a1y, - -+ , az)\} to each component D)
of the divisor D. We assume that for all components Dy the same tuple {aq, -, o}
is associated.

For a parabolic sheaf (F, F,a.), define the following filtration {E}}icr of co-
herent sheaves on X parametrized by R:

(2.1) Ey == Fi(E)(-[t]D)

where [t] is the integral part of ¢t and a;—1 <t — [t] < a;, with the convention that
ap=a;—1and a4 = 1.

Remark 2.3. Let F be a proper subsheaf of FF such that the quotient is torsion-
free, then there is a canonical filtration {F;};cr of coherent sheaves on X where
Fy = Ey N F. The parabolic structure induced by this filtration to the sheaf F is
called the induced parabolic structure on F'.

A homomorphism from the parabolic sheaf (F, Fi, i) to another parabolic sheaf
(E', F., ) is a homomorphism from E to E’ which sends any subsheaf F; into E},
where t € [0, 1] and the filtrations are as above.

If the underlying sheaf F is locally free, then F, will be called a parabolic vector
bundle.

We recall the “covering lemma” of Kawamata: Let X be a smooth projective
variety over C. Let D = Z?:l D; be the decomposition of the normal crossing
divisor D into irreducible components. Let N be an integer.

‘The covering lemma’ of Kawamata ([7, Theorem 1.1.1] [6, Theorem 17]) says
that there is a smooth projective variety Y over C and a Galois covering morphism
p : Y — X such that the reduced divisor D = (p*D)yeq is a normal crossing
divisor on Y and furthermore, p*D; = k;N - (p*D;)req, where k;, 1 < i < d are
positive integers. Define D; := (p*D;)yeq; s0, p*(D;) = k;ND;. Let T denote the
Galois group for the covering map p(See [9, Proposition 4.1.12]).
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2.1. On I" bundles. Let Y be a smooth projective variety over C. Let I" be a
finite subgroup of Aut(Y') the group of automorphisms of Y. We assume that the
group I' acts on Y such that the projection p : ¥ — Y/T" is a ramified covering
morphism with X := Y/I" a smooth projective variety. Note that this is a finite
morphism. Let y € Y, then we denote the isotropy group of I' for y by I'y. From
now onwards we fix this action of I' on Y and hence call Y a I'-variety.

Then it is clear that the structure sheaf Oy, the sheaf of regular functions on Y
gets a '—action coming from the action on Y.

Definition 2.4. (see [2]) Let £ be a coherent sheaf of Oy -modules on'Y such that
the action of the group I' on'Y lifts to an action of I on &€, then it is called a I'-sheaf.
This means that T' acts on the total space of stalks of £, and the automorphism of
the space of stalks for the action of any v € T is a coherent sheaf isomorphism
between € and v*(E), where v: Y — Y denotes the corresponding morphism of Y
induced by the action of I' on'Y for each v € T.

For reference we recall the following theorem:

Theorem 2.5. [1, Theorem 7.1] Let X be a smooth projective surface and let
p:Y — X be a Kawamata covering of X. Let © be a pull-back of a very ample
divisor ©1 on X.

Let ¢' :' Y — Pg be the closed embedding induced by ©. Then there exists a
I'~hyperplane Z C P¢, not containing Y, such that the scheme ZNY 1is regular at
every point. Furthermore, the set of hyperplanes with this property forms an open
dense subset of | © |V.

From now on we fix the line bundle © as a polarisation on Y. We define the
Gieseker type semistability of a I'-bundle with respect to © on Y. For I trivial the
Gieseker semistability notion is defined in [3].

We denote O(n®) by O(n). Let £ be a coherent sheaf on X. The Hilbert
polynomial for £ is defined by the condition that P(£,m) = dim(H°(Y,&(m))) for
n > 0. Let d denote the dimension of the support of £. Then d is the degree of the
polynomial P(£,m). Write

rm? am?=1

PEm) ="+ i

Then 7 is the rank of the sheaf £ and u(£) = £ is the slope of £. The quotient

p(E,m) = @ is called the normalised Hilbert polynomial of £.

Remark 2.6. We recall that a coherent sheaf £ on Y is pure sheaf of dimension d
if the dimension of the support of £ is d and if for every subsheaf F # 0 of £, the
dimension of the support of F is d. Torsion-free sheaves are supported on Y and
they are pure sheaves of dimension dim(Y").

Definition 2.7. A T'-torsion free sheaf E on'Y is said to be (T, x)-semistable or
Gieseker-I'—semistable if for every I'—subsheaf F' of E the following inequality holds:

pr(n) < pg(n)
for sufficiently large n. We say E is (T, x) stable if the above inequality is strict.
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Remark 2.8. When T is trivial, the sheaf £ is y-semistable(stable) if the above
inequality is satisfied.

Remark 2.9. Let £ be a coherent I'-sheaf. Then & is (T, x)-semistable if it is pure
and if for every I'-subsheaf F of £ we have

r(E)P(F,m) < r(F)P(E,m)
for sufficiently large m. For stable bundles the inequality is strict.

Remark 2.10. Let V' be a pure d-dimensional I'-sheaf of rank r on Y. The Harder-
Narasimhan filtration for V is the unique filtration

ocVpcWhcWhcVsC---CVi=V

of I'-subsheaves V; of V such that V;/V;_; for i € [1,1] are (T, x)-semistable sheaves
with normalised Hilbert polynomials p(V;/V;_1)(n) strictly decreasing as ¢ increases
for large n(cf. [15, Lemma 3.1]).

Definition 2.11. Let V' be a (T, x)-semistable pure d-dimensional sheaf of rank r
on'Y. A Jordan-Hdélder filtration for V is an increasing sequence

VicVoCcVsC---CV,=V

of pure d-dimensional T'—subsheaves V; of V' such that Vi,Vo/V1,---V,,/V_1 are
(T, x)-stable sheaves with p(V;/Vi_1)(n) = p(V)(n). The sheaf

VieW/Vie - V,/V,1

is denoted by gri(V) and it is called the associated graded object of V' associated to
a Jordan-Holder filtration. The sheaf gr)F((V) s unique.

Remark 2.12. The existence of a Jordan-Holder filtration can be proved by induction
on the rank of V. It is easy to see that gri(V) is independent of the choice of a
Jordan-Hélder filtration. For details in the case when I' is trivial see [15, Page 90].
It is easy to see that these results generalise for the I'-case as well.

Lemma 2.13. A pure d-dimensional T'—sheaf € on' Y is (T, x)-semistable if and
only if it is x-semistable on Y .

Proof: If £ is x-semistable then it is clear that £ is (I", x)-semistable. Conversely,
suppose that € is (T, x)-semistable but not x-semistable. Then there is the Harder-
Narasimhan filtration 0 C & C & C --- C &, = & for £. Since the filtration
is canonical it is invariant under the automorphisms of £. Hence the elements
&; of the filtration are I'-subsheaves of £. Hence each &;/&;_1 is (T, x)-semistable.
Therefore we have a non-trivial Harder-Narasimhan filtration of the I'-sheaf £ which
contradicts the (T, x)-semistability of &.

g.e.d

2.2. Some remarks on the category of parabolic sheaves and of I'-sheaves.
Let X be a smooth projective variety and D be a normal crossing divisor in X and
let ©1 be an ample divisor in X. Let Px/p denote the category of parabolic sheaves
and their parabolic homomorphisms with parabolic structure over the divisor D.
For any coherent sheaf F we can associate a special parabolic structure as

Eo=E® Ox(—mD)
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for @« € (m — 1,m]. Then the category of Ox—modules denoted by the Mx is a
full subcategory of the category Px,p. The category Px,p is an abelian category
with enough injectives [17, Proposition 1.1]. For our purpose we assume that the
weights are rational with common multiple of 1/N where N is an integer. For
example o; = k;/N where k; are all integers. The category of parabolic coherent
sheaves Py p, is an abelian subcategory of Px,p. The category of parabolic torsion
free sheaves is a full subcategory of Px,p but it is not an abelian category. In the
exact sequence of parabolic sheaves

0—FE,—F,—G,—0

if any two of them are coherent then the other is a coherent sheaf. In particular F
is torsion free if both F, and G. are torsion free sheaves.

For an integer N > 2, let P(X, D, N) C Px/p denote the subcategory consisting
of all parabolic torsion free sheaves all of whose parabolic weights are multiples of
1/N.

Let Vr(Y) denote the category of I'-torsion free sheaves on Y. Let VP (Y, N)
denote the subcategory of Vr(Y') consisting of all I'—torsion free sheaves W over Y
satisfying some topological conditions which are induced by the conditions on the
parabolic category. For details see [1, Section 2.4.1].

Let W be a I-sheaf on Y. Then the invariant direct image sheaf pl' (W) is a
sheaf on X which comes with a parabolic structure. In fact the parabolic structure
can be written as follows: Let W be a I'-torsion free sheaf on Y. Let DcD
be the reduced divisor given by the union of all those components of D for which
the action of the isotropy group of every point of the component is nontrivial on
the fibre of W. Note that for a component of D, it may happen that, at special
points of the component, the action of the isotropy subgroup is nontrivial, but at
a goncral point, the action is trivial. Such a component is not included in D. Let
D :=p(D)and D = Z y—1 D as a sum of irreducible components of D. We define
Dy :=p *(Dx)red- Let ny € N such that p*Dy = ny - D, so that D = Z,\:1 D,.

Since Dy as a subset of Y is invariant under the action of I’ on Y, for any k € Z,
there is a natural I-structure on the line bundle Oy (kDy). Then the filtration
{Et}tGR defined by

h
E; := (p«(W @ Oy ( Z —t.ny\]D
A=1
is a parabolic torsion free sheaf on X with parabolic structure defined on a divisor
D := p(D). This follows from the work of Biswas [2]. This correspondence is one-
one and it is true for any smooth projective variety. Again by using Biswas ideas,
we obtain the I'sheaf W on Y associated to any parabolic torsion free sheaf F,
on X. We see that the sheaves obtained by this way satisfy the condition that the
they are of local type 7 since the local type is induced by the parabolic structure.

Remark 2.14. The T'-invariant direct image functor pl is an equivalence of categories
called Seshadri-Biswas correspondence

L VP(Y,N) — P(X,D,N)

Definition 2.15. Following Seshadri [13, page 161] we call the T'—torsion free
sheaves E in VP (Y, N) torsion free sheaves of fixed local T-bundle type 7.
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Let L be a parabolic line bundle on X with a parabolic structure on D with
a parabolic weight &« = m/N a rational number. Then by Seshadri-Biswas corre-
spondence there is a I'-line bundle L on Y such that pg(i) = L whose local type
7 is given by the weight a. Indeed,

d
(2.2) L=p"(L)®Oy(>_ kimD;).

where Zle k; N D; is the pullback of D on Y.

From this we get ¢1 (L) = ¢1(p*(L)) + ac1 (p*(D)) which is equivalent to ¢; (L) =
p*(c1(L) + aci(D)).
Lemma 2.16. (Splitting principle for T—vector bundles on'Y') Let E be a T'-vector
bundle of rankr onY . Let A(Y') denote the Chow ring for' Y. Then there is a proper
morphism f : Y’ — Y such that f* : A(Y) — A(Y") is injective and f*(E) splits,
i.e. it has a filtration f*(E) = Eg D E1 D -+, E. = 0 whose successive quotients
are all T'-line bundles.

Proof: Let P(E) be the projective bundle associated to E. The variety P(FE) is a
D—variety with the I'-action induced by the action of ' on E. Let p: P(E) — Y
denote the canonical projection. The line bundle Op(g)(1) on P(E) is indeed a
I-line bundle. This follows because of the isomorphism P(~v*(E)) = P(FE) for each
v € I'. We have an exact sequence 0 — K — p*(E£) — Opp)(1) — 0(see
[4, Proposition 7.11 ]). Now we do the same process to K to obtain the required
filtration for p*(FE).

g.e.d

Definition 2.17. Let L, be a parabolic line bundle on X with a parabolic structure
on D with a parabolic weight o = m/N a rational number. We define
pare, (L) := ¢1(L) + aD.

Now let E, be any parabolic torsion free sheaf on X. Then we define:
!
pare, (Ey) = c1(F) + Z a;T; D
i=1

where r;=rank(F;(E)/F;11(F)). Here Fi(E)/F;11(E) is supported on D and whose
rank is coming from FEuler characteristic of it on D.

The splitting principle for the I'-sheaves can be used to define the higher par-
abolic Chern classes for parabolic sheaves. I.e. we can define the parabolic Chern
classes for parabolic sheaves using the splitting principle for parabolic sheaves. Let
¢i(F) denote the ith parabolic Chern class of the parabolic sheaf. Then we have

¢i(W) = p*ei(Ex)
where E, = pL' (W)(cf. [16, Page 1318]).
One has the following notion of parabolic Euler characteristic for parabolic bun-
dles.
In the parabolic category we always fix an ample line bundle ©; on X as a

polarisation unless we state otherwise. For a parabolic sheaf E, we write F.(n) for
the sheaf F, ® nO;.
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Definition 2.18. Let E. be a parabolic coherent sheaf on X. Let the polyno-
mial P(c1(E),ca(E), -+ ,c.(E)) denotes the usual Euler characteristic for E, where
¢i(E) are the Chern classes of the underlying sheaf E. Then we define the parabolic
Euler characteristic

Xpar (Ex) := P(c1(Ey), c2(Ex), -+ s e (Ex)).

Remark 2.19. In fact for the case of surfaces, using Riemann-Roch theorem one can
write x(E) = M — c2(E) + rx(Ox) where r is the rank of the sheaf
E.

Remark 2.20. Let P be a polynomial in Q[z]. Let E, be a parabolic sheaf. Then we
define xpar(E(n)+) as the parabolic Hilbert polynomial for the sheaf E,. We say E,
is a parabolic sheaf with Parabolic Hilbert polynomial P if xpar(E(n)«) = P(n).
We write x(E.) for the parabolic Euler characteristic of E, from now on. Also we
write Pg, (n) for parabolic Hilbert polynomial xpqr(E(n)4) of E.. We write pg, (n)

| Xpor(B().)
T

for the reduced parabolic Hilbert polynomia

Remark 2.21. Let L be any line bundle on X with trivial parabolic structure. Let
¢i(E,) denote the ith parabolic Chern class of F.. Then we have

parci (B, @ L) = c¢;(E® L) ZTZO” =c1(By) +rei(L)

and
i=l
parca(Ex ®@ L) = c(E® L)+ Z ria;(c1(E® L).D)
i=1
i=l
— Y ai(deg(Fi® L) — deg(Fi11 ® L))

- i=l j=l i=l
b S (X ray) — ()2

= (B + (- Dea(D)a(B) + T(’"; ey (ny?

Our definition of parabolic Hilbert polynomial of E, for the case of dim(X) = 2
can be written as

c1(E4)? — 2c2(Ex) —c1(Ex) - K

202 .
(23) pp.(n) = 2t (AELOL LxOL, X 4 x(0x)
r 2 2r
and for an effective divisor D on X
E.(D E, D? E)ND DK
oy XEDVO) _ MBSO gy g D alB)D DEx
r r r

Definition 2.22. A parabolic torsion free sheaf E. on a smooth projective algebraic
surface X is parabolic semistable if for all parabolic subsheaves F, of E., we have
the following inequality for sufficiently large N and n > N:
AECDm) | a(F) D ME(D)m) | aE) D
r(F) 2r(F) r(€) 2r(€)

Lemma 2.23. A parabolic torsion free sheaf E, is parabolic x-semistable(stable)
on X if and only if the corresponding T'—sheaf W is (I, x)-semistable(stable) on Y .

)S(X(
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Proof: We recall that we have fixed the polarisations © and ©; for ¥ and X
respectively. Let W be a I'-coherent sheaf of Y. Then we have ¢;(W) = p*(¢;(Ex)),
Ky = p*(Kx) ® p*(Ox(D)). We recall the following equation for the normalised
Hilbert polynomial of W.

x(W(n)) n’0e? a(W)e Ky -©

T = 2 + T 2

ct(W)2 = 2c2(W) — e1 (W) - Ky

o +x(Oy)

)+

Let W3 be any I'-subsheaf of W so that the quotient is torsion free. And let F is
the corresponding parabolic subsheaf of E,.
Then we also have
X(E(=D)(n)) x(F+(=D)(n)) _ x(€(n)) _x(F:(n)) _ (Cl(E*)D _ Cl(F*)D)
r r1 r T1 r T1

We rewrite the normalised Hilbert polynomial of W as follows:

X(V[/;.(’I’L)) _ |F|[n22@% +n(cl(E*)@1 _ Kxgl;- D@1)
n c1(&.)? — 2(;2(8*)2; (&) (Kx + D)} +x(Oy)
= B PO el Do)+ (o)
Therefore
x(W(n)  x(Wi(n))

- pEO) _ARE) @)D _al) D,

= ‘FHX(E*(—TD)(H)) B X(F*(;D)(n)) n (61(552 D 61(1;3 : D)}

_ \FH(X(E*(_D)(M) N 61(52*2 : D) B (X(F*(;D)(n)) N 01(;’2 : D)]

So we conclude that the parabolic sheaf E, is parabolic y-semistable(stable) if
and only if the corresponding I'-sheaf W is (I, x)-semistable(stable).

g.e.d

Remark 2.24. On higher dimensional varieties we do not know how to obtain the
relation between the Hilbert polynomials as it involves Todd classes and pull backs
of Chern classes.

Definition 2.25. Let E, be a parabolic x-semistable sheaf on X with reduced par-
abolic Hilbert polynomial pg, (n). Then there is a filtration

FiCEsCFEsC---CE,=F,

of parabolic subsheaves E; of E such that Ey,Ey/En,--- E,/E,_1 are parabolic x-
stable sheaves with pg, /g, ,).(n) = pe,(n). The sheaf

E\®E))Ex®---Ep/Ep_y
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is denoted by gr(E,) and it is called the associated graded object of E,. associated
to a Jordan-Hdélder filtration. The sheaf gr(E.) is unique. We say two parabolic
x—semistable sheaves E, and F, are S-equivalent if gr(E.) = gr(F).

2.3. Moduli functors for parabolic bundles. Let X be a smooth projective
algebraic surface over C. Let D be a normal crossing divisor on X. let ©; be an
ample line bundle on X.

Suppose S is a scheme of finite type over C and let p : X xS — S the projection.

Definition 2.26. A coherent torsion free sheaf £ on X x S over S is said to have
a parabolic structure if there is a filtration

E=F1(€) D F(E) DD FE) DE®PO(-D)

of € on the relative divisor D x S such that the sheaves F;(E) are flat over S and
a, the system of weights on the filtration Fy. In particular for each s € S the sheaf
Exs is a parabolic torsion free sheaf on X with the parabolic structure given by Fi
and ou.

Definition 2.27. We say a parabolic torsion free sheaf £, on X x S over S with
the parabolic Hilbert polynomial P is parabolic x-semistable if it is a flat family
of torsion free sheaves over S, and for each s € S, the sheaf s« is a parabolic
x-semistable sheaf on X with parabolic Hilbert polynomial P.

Let Sch/C denotes the category of schemes over C. We fix a polynomial P in
Q[z]. We fix the following topological invariants: We fix a quasi parabolic structure
F., the weights a., the degree of F;(E) on D denoted as l;, the rank of F;/F; 4
written as ;. Let s, := (r,1, ) denote these invariants. In the words of [10] this
is equivalent to fixing (x(E)(m),x(E/F;)(m),a.). We say a parabolic sheaf E,
with parabolic Hilbert polynomial P if P(E,)(n) = P(n) and the sheaf E, has the
parabolic structure given by the tuple s, = (r,1, «). We remark that P and s, does
not fix the underlying Chern classes of E,.

Definition 2.28. Let
Pary (T) := {E.|Ex is parabolic x-semistable on X x Tover T with P(E.;) =P }/ ~

(1) For each t € T, E.; is a parabolic semistable sheaf with parabolic Hilbert
polynomial P.

(2) E. ~ F, if and only if there are filtrations of 0 = E¥ ¢ EF=1... c E° of
E, and 0 = FF c Fk=1... C F° of F, with the F*, E* are T-flat such that
for each t € T, their restrictions to Xy give the Jordan-Hdélder filtrations
of Ext and Fyy respectively. In particular, gr(Eyt) = gr(Fyt). For a line
bundle L on S, we assume that gr(E.) = gr(F.) ® L.

For a morphism g : 7 — T, the pullback g* defines a map Pary (T) —
Parp(T"). Then Par)s is a contravariant functor. By using the categorical equiva-
lence 2.14 we will prove that the functor Parjys has a coarse moduli scheme MP*"(P)
which co-represents the S-equivalence classes of parabolic y-semistable sheaves on
X of the parabolic Hilbert polynomial P and parabolic datum s,.

In fact we show that the parabolic moduli functor is the same as I'-moduli
functor on a suitable Kawamata covering Y of X (see Section 4).
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3. Grassmannian varieties

Let V and W be vector spaces. Let Grass(V @ W, a) := G denote the Grass-
mannian of quotients of dimension a of V. ® W. There is a canonical SL(V) action
on G. One knows that there is an embedding of the Grassmannian G into the
projective space PV where N = (dim(‘:;@W)) — 1. This embedding is the Pliicker
embedding which is given by VW — U — 0 to A4V @ W) — A*(U) — 0.
This embedding defines a very ample line bundle £ on G. In fact this is a canonical
SL(V)-invariant projective embedding of G into the projective space P(A*(V@W))
given by the ample invertible sheaf L.

Suppose that V' has a I'-action and W has a trivial I'-action. Now the group
I' acts on the Grassmannian of quotients of dimension a of V' ® W. The fixed
points for the I'-action are the quotients which are I'-quotients of V® W. Let
Grassp(V ® W, a) denote the I'fixed points in G. This is a closed subscheme of
G. Let Autr(V) denote the I'-invariant automorphisms of V. We see that the
subgroup H := SL(V) N Autr(V) acts on Grassp(V @ W,a). We restrict the line
bundle £ to this closed subscheme. Let £’ denote the restricted line bundle. Then
it is H-linearised. We also see that H is a direct product of linear groups(see proof
of Proposition 3.1).

The following proposition characterises all the semistable(stable) points in the
scheme Grassp(V @ W, a).

Proposition 3.1. A point « : VW — L — 0 in Grassp(V @ W,a) is

semistable for the action of H and a line bundle L' if and only if for all non-zero

proper T'—subspaces V' C V' we have Image(V' @ W) in L is not zero and
dim(V") < dim(V)

dim(Image(V' @ W)) — dim(L)

(properly stable if the inequality is strict)

(3.1)

Proof:

Since V is a I'-vector space we can find ['-invariant irreducible subspaces V; of
V so that V = @,¢/V; where we may have V; = V;. Let m := |I|. In fact any
I'-subspace V' of V can be written as V' = @;c;V; where J C I. If one writes
V = ®&m,;V; for distinct i, we see that AutrV = [[GL(m;). Let k; denote the
dimension of V;. Let A(f) be a 1 PS(one parameter subgroup) of AutrV. Now by
choosing a basis of V, the 1 PS A(¢) can be written as

.0 0
(3.2) A(t) =
0 trm I,

where I; is the identity matrix of rank k; and Y k;r; need not be zero. Indeed
any 1 PS \;(¢t) of Autr(V; ® C™i) where C™ is the vector space of dimension m;
counting the repetition of V; can be written as

1, 0
(3.3) Ai(t) =
0 trmi T,
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where I; is the identity matrix of rank ;.

Therefore any 1 PS A(¢) of H can be written as (3.2) with one more condition
ZI kiT‘Z‘ =0.

Since any I'-automorphism of V; is a scalar, each number r; appears k; times for
each i. Since « : V@ W — L is a [~map, the image o(U @ W) is a I'-subspace
of L for a I'-subspace U C V.

In order to study the semistability criterion we use the numerical criterion (cf.
[?, Page 87]). We compute the number p(L, ) for our map « and 1 PS A(%).

We recall the following computation of u(L,A) given in [?, Page 158]. Let V
and W be vector spaces of dimension n and m respectively. Let A(¢) be a 1 PS of
SL(V). Let r be the dimension of the quotient L of V' ® W. By choosing a basis
of V, A(t) can be written as

tr 0
(3.4) A(t) =
0 tm
Then
(L, ) = =rrp + Y (rig1 — r5)dim((Ujm))
=1

where Uy, is generated by W; @ W for any subspace W; of V. We have u(L, \) >
0(> 0) if and only if it is true for the extreme cases

rn=re=:-"=Tp=p—"n

and
Tp+1 =Tp+2 =Tp43 " =Tn =P
with 1 <p<n-—1.

We note that in our case « is a I'~map and A(¢) is a 1 PS of H. We use the
fact that V' has a I'-irreducible decomposition and any I'-automorphism of V; is a
scalar multiplication. Let {e11,e12,€13, * ,€1k,,€21, €2k " ** s Eml,s" " s Emikr, |
be a basis of the I'-vector space V. Then

w(L,A) >0 for all 11 <719 < -+ < 1y, if and only if
—rp + ndim(a(Upm)) > 0

for 1 < p <m — 1 where Uy, = W, ® W for a I'-subspace W}, of V..

So we have
dim(a(W, @ W)) _ dim(W,)

> .
dim(L) dim (V')
The same is true for the case of semistability. Thus we have the proposition.

g.e.d

3.1. Quot schemes. Let Y be a smooth projective variety over C. Fix a very
ample line bundle ©® on Y. Let W be a coherent sheaf on Y. From now on we write
F(m) :=F @ mO for each m € Z.

Grothendieck constructed the Quot scheme Quot(W, P) parametrising quotients
W-—F—0



ON PARABOLIC BUNDLES ON ALGEBRAIC SURFACES 13

with Hilbert polynomial P. The Quot scheme Quot(W, P) represents the functor
Quot(W, P) : (Sch/C)? — Sets

defined as for any scheme S, the S-valued points of Quot(W, P)(S) are the iso-
morphism classes of quotients on X x .S,

pW—F —0

where F is flat over S and P(F,n) = P(n).
Grothendieck proved that Quot(W, P) is projective over C. In fact there is an
M such that for any m > M we get a map:

Vrm : Quot(W, P) — Grass(H°(X, W(m)), P(m)).

He also proved that for sufficiently large M, the map 1, is a closed embedding.

Let p: Oquotow,p)y @ W — F be the universal quotient module parametrised
by the scheme Quot(W, P). Then the line bundle £,, := det(p.(F © ¢*m®)( where
P Quot(W,P) x X — Quot(W, P) and ¢ : Quot(W,P) x X — X are the
projections) is a very ample line bundle on the scheme Quot(W,P). This line
bundle £,, is the pullback of the canonical invertible sheaf £ on the Grassmannian
given by the pliicker embedding.

Suppose that V' is a I'=vector space. The group SL(V') acts on Quot(V @ W, P)
induced by the action of SL(V) on V. The group SL(V) also acts on the line
bundle £,,. Let Quotr(V @ W, P) denote the I'fixed points of the Quot scheme
Quot(V @ W, P). Note that this scheme is closed. This scheme parametrises I'-
quotients V@ W — F — 0 with Hilbert polynomial P. The group H :=
SL(V)N Autr (V) acts on this closed subscheme Quotr(V @ W, P). Let L, be the
pullback line bundle £,,|Quotr(V @ W, P). It is easy to see that the line bundle
L is H-linearised.

We study this scheme in the next section in more detail.

We can now describe the properly stable and semistable points on the scheme
Quotr(V ® W, P) with respect to the H—group action and the line bundle £/, .

Lemma 3.2. There exists an M such that for m > M the following holds. Suppose
VW — F — 0 is a point in Quotr(V @ W, P). For any subspace Vi CV let
G denote the subsheaf of F generated by Vi @ W. Suppose that P(G, m) > 0 and

dim(V1)/P(G,m) < dim(V)/P(m)
for all non-zero proper I'—subspaces V1. Then the point is H—semistable with respect

to L. and the group action of H. The strict inequality holds for stable points.

Proof: For large m the I'-fixed points of the Quot scheme is embedded in the
I-fixed points of the Grassmannian scheme Grassp(V ® W, P(m)) where W :=
H°(W(m)). For all points in Quotr(V @ W, P) and all I-subspaces U, the I'—
sheaves G run over a bounded family. Let X denote the kernel of the I'-exact
sequence

(3.5) 0 —=K—=UW —G—0.

We can choose M large so that for m > M, h°(G(m)) = P(G(m)) and ht(K(m)) =0
for all such G and K. Note that

Im(U @ W) c H°(G(m)) € H°(F(m)).
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The above exact sequence induces
0— K(m) — U®@W(m) — G(m) —0
and hence the following long exact sequence of cohomology, which is
UW — H°(G(m)) — HY(K(m)) — --- .

Since H*(K(m)) = 0, we get dim(Im(H @ W)) = P(G(m)). Now using Proposition
(3.1) in the previous section we get the result.

g.e.d

4. Moduli of '-semi stable sheaves

We fix Y and © as in the previous section. We note that the family of I'-
semistable sheaves on Y with fixed Hilbert polynomial P is bounded. This follows
because the I'-semistable sheaves in particular are semistable sheaves on Y. Fix a
large number N so that any I'-sheaf with Hilbert polynomial P is globally generated
and h°(F(N)) = P(N). Let £ be a I'sheaf on Y so that the underlying vector
bundle is trivial and h%(€) = P(N). Let W = Oy (—N) and V = H°(E). We note
that V is a '-module of rank P(N).

We define Quotr(V ® W, P) functorially as follows:

For a scheme S the set of S-valued points in Quotr(V @ W, P) may be described
as the set of pairs

{(F,a)|P(Fs) =P,a: V@05 — H°(Y x S/S,E(N))}

where F is a ['-coherent sheaf on Y x S, flat over S with Hilbert polynomial of Fj
is P and « is a '-morphism so that the sections in the image of o generates the
I'~module F(N).

Let Q1 C Quotr(V @ W, P) denote the open set where £ has pure dimension
d and it is (I" — x)-semistable. Since the set of x-semistable sheaves with Hilbert
polynomial P is bounded we can choose a large N, so that every (I' — x)-semistable
sheaf with Hilbert polynomial P appears as a I'-quotient sheaf corresponding to a
point in Q.

Let R' C Q; be a scheme consisting of sheaves ¢ € Q1 so that the linear map «
is a '-isomorphism.

We also fix a large M so that for each m > M there exists an embedding
Y 2 Quotr (V@W, P) — Grassp(V @ H(Y,W(m)), P(m)) corresponding to the
line bundle £}, = Ly |qQuotr(vew,p). The group H acts on Quotr(V @ W, P) and
on L . Tt is clear from the definition that R is invariant under this action of H.

Remark 4.1. Let Quotr(V @ W, P,d) denote the closure in Quotr(V @ W, P) of
the set of points such that the quotient sheaf £ is a pure d dimensional sheaf on Y.
Then we have R'' C Quotr(V @ W, P, d).

We recall the following facts from [15]. We rewrite some of the statements for
I'—sheaves which follow easily from the proofs given in [15].

Lemma 4.2. [15, Lemma 1.16] Let F be the I'—sheaf represented by a point of
Quotr(V @ W, P). Suppose there exists an integer M such that for m > M, F
is semistable with respect to the line bundle L), and the action of H, then the
following property holds. For any non-zero I'=subspace Vi C V', let G C F be the
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subsheaf generated by Vi @ W. Then the rank(G) > 0 and dim(Vy)/rank(G) <
dim (V) /rank(F).

Remark 4.3. [15, remark of Lemma 1.16] In the situation of the above lemma,
suppose F — K — 0 is a quotient sheaf of F. Let V4 C V be the kernel of
the map V. — H°(Hom(W,K)), and let J be the image. We have dim(V;) =
dim (V') — dim(J). If G is the subsheaf generated by H ® W, then G maps to zero
in K, so r(G) < r(F)—r(K). Thus the conclusion of the lemma implies that

dim(J) _ dim(V)
"K) © )

By a similar argument for X = F, we can conclude that the map V —
H°(Hom(W, F)) is injective.

Remark 4.4. The above remark states that, for a I-sheaf £ € Quotr(V @ W, P, d)
to be semistable, it is necessary that the induced homomorphism V — H%(£(m))
is injective and that no (d — 1)-dimensional subsheaf F’ of £ has a global section.

Lemma 4.5. [15, lemma 1.17]

If € is the sheaf represented by a point of Quotr (VRW, P,d), let T be the coherent
subsheaf of sections supported in dimension < d— 1. Then there is a I'-sheaf £ of
pure dimension d, with Hilbert polynomial P, and an inclusion 0 — £/ — &'.

Proof: Note that Z = T,;_1(€) is the torsion subsheaf of £ which appears in the
torsion filtration of £. So the sheaf 7 is a '-sheaf. We can find a curve C, a point
0 € C and a morphism C' — Quotr(V @ W, P) such that {0} goes to the point
corresponding to £ and all other points to pure d dimension sheaves. Therefore
we have a C-flat family E of d-dimensional I" sheaves on X such that Ey = £ and
E. is pure for all ¢ € C'— {0}. By following the proof of Simpson we obtain the
I-injection 0 — £/Z7 — &’ where £’ is a pure d- dimensional I'-sheaf on Y.

Lemma 4.6. [15, Lemma 1.18] There exists an Ny such that for all N > Ny, the
following is true. Suppose & is a x-semistable sheaf on'Y , with Hilbert polynomial
P, then for all subsheaves F C &, we have

(4.1) hO(F(N))/r(F) < P(N)/r(€)
and if the equality holds then
(4.2) P(F,m)/r(F)=P(m)/r(£) Vm.

We now prove that the set of all (T', x) semistable(stable) sheaves is indeed the
semistable(stable) points in the scheme Quotr(V ® W, P,d) for the action of H
and the embedding given by the line bundle £/ . This theorem is very crucial
in a way that it characterizes all the semistable points in the projective scheme
Quotr (V@ W, P,d) .

Theorem 4.7. Let P be a polynomial of degree d with rational coefficients. There
exist N and M such that for m > M, the following is true. A point £ in Quotr(V &
W, P,d) is semistable (stable) for the action of H with respect to the embedding
determined by m, if and only if the quotient € is (I' — x) semistable((T' — x)-stable)
coherent sheaf of pure dimension d and V = HY(E(N)) is a T —isomorphism.
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Proof: Suppose we have a point (£, ) in Quotr(V ® W, P,d) such that £ is a
(T" — x)-semistable sheaf and the map « is a I'-isomorphism. By Lemma 3.2, it is
enough to prove that we may choose M (N) which is dependent on N such that for
m > M and for any subsheaf F C £ generated by I'-sections of £(N) we have

(4.3) hO(F(N))/P(F,m) < P(N)/P(m)

and the inequality is strict for I'-stable points. We may choose Ny such that for
any N > Ny and any point in Quotr(V ® W, P) representing a semistable sheaf &,
the conclusion of the above Lemma 4.6 holds.

The above Lemma 4.6 in particular holds for (I" — x)-semistable sheaves as they
are usual y-semistable sheaves. So the inequality in Lemma 4.6 is true for I'—
subsheaves also.

Suppose & is (T, x)-stable. Then for large m,

P(F,m)/r(F) < P(€,m)/r(E)

where F are I'-invariant subsheaves of £. Once the NN is fixed the set of all I'-
subsheaves F generated by I'-sections of £(N) is bounded, so the set of polynomials
P(F,m) is finite. These polynomials all have leading term r(F)m¢?. Consider the
leading coefficients of the polynomials which appear in the inequality (4.3). The
terms r(£)h(F(N)) and P(N)r(F) are the leading coefficients of the polynomials
hO(F(N))P(m) and P(N)P(F, m) respectively. We note that for the ['-subsheaves
F of &,
hO(F(N)/r(F) < P(N)/r(€).
If not, then since & is (T, x) semistable (which is underlying semistable) we have
P(F,m)/r(F)=P(E,m)/r()

for all m, by using Lemma 4.6 which contradicts the fact that, the sheaf £ is
(T, x)-stable. So we can choose large M (N) so that we have

hO(F(N))/P(F,m) < P(N)/P(m),
by using the inequality h°(F(N))/r(F) < P(N)/r(€) on the leading coefficients.
So we have the result for the stable case.
For the semistable case for a given F subsheaf we have the inequality,

hO(F(N))/r(F) < P(N)/r(€)
or the equality
RO (F(N))/r(F) = P(N)/r(E) and P(F,m)/r(F)= P&, m)/r(€)

for all m by using Lemma 4.6. In the first case we prove by the same way as above.
For the second case we substitute the value of P(F,m) and h°(F(N))/r(F) on
the left hand side of the inequality (4.3) we get the required result proving the
semistable case.

Now we prove the converse. Let N > Ny. Suppose VW — F — 0 be a
point in Quotr(V @ W, P,d) which is H-semistable with respect to the embedding
U for m > M. Let T := T,_1(F) be the torsion sheaf of F and let £ be the sheaf
of pure dimension d given by Lemma 4.5. So the Hilbert polynomial of £ is P. We
show that all sheaves £ obtained this way remain in a bounded family independent
of N. In particular one can choose large Ny so that for N > Ny, h°(E(N)) = P(N)
and E(N) is globally generated. Now we apply Remark 4.3 to the sheaf 7/T, we
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get that h°(F/T)(N) > P(N). But this sheaf is a subsheaf of £, thus we conclude
that /T = F. Since the Hilbert polynomials of £ and F are the same we have
T = 0. Thus £ = F is a pure sheaf of dimension d and remains in a bounded family
independent of N.

Now by again using Lemma 4.2 for the sheaf F which is H-semistable we see
that the map V — HO(F(N)) is I-injective (This action induced by the I'~map
VoW — F — 0), by dimension count we conclude that it is a T'-isomorphism.

It remains to prove that the sheaf F is (T, x)-semistable. If F is not (T, x)-
semistable we have a quotient 7/ — G — 0 such that

P(G,k)/r(G) < P(F,k)[r(F)

for large k. Again we can assume that the sheaves G remain in a bounded family,
and hence for large Ny, so that for N > Ny,

P(G,N)/r(G) < P(F,N)/r(F)
and also h°(G(N)) = P(G,N). But this contradicts Lemma 4.2 because F is a
H-semistable point. Thus the sheaf F is (T, x)-semistable.

Finally we assume that the sheaf F is not (I', x)-stable but it is an H-stable point.
Since F is in particular an H-semistable point we see that it is a (T, x)-semistable
sheaf. Then by using Lemma 4.6 we conclude that there is a I'-subsheaf £ the
subsheaf of F with the condition P(€)/r(£) = P(F)/r(F). Let U = H°(E(m))
and W = H'OW(m)) = H°(Ox(m — N)) where W = Ox(—N) and we let V; =
HO(F(N)) C V. Again the sheaves F of this type remain in a bounded family, so
we can assume that there are large m and N so that

Im(Vy @ W) = HY(F(m)) c U

and

dim(V1)/h°(F(m)) = P(m)/h%(E(m)).
Now the criterion of Proposition 3.1 says that F maps under 1, to a point in the
Grassmannian which is not properly stable under the group H. Hence this sheaf F
is not properly H-stable in the Quot scheme contradicting the assumption on F.

g.e.d

Remark 4.8. The scheme R is equal to the set of H-semistable points of Quot(V®
W, P, d) under the action of H. The open set R'* € R' parametrising (I, x)-stable
sheaves is equal to the set of properly stable points under H.

Remark 4.9. Let Quot (V@ W, P, d) be the set of all I'-torsion free sheaves of fixed
local type 7 in the projective scheme Quot(V ® W, P,d). By the rigidity of the
representations of the finite groups, we see that this scheme is a closed subscheme.
Let R™ denote the open subscheme of Quot. (V@ W, P, d) parametrising the (T, x)-
semistable sheaves of local type 7.

Lemma 4.10. The closures of the orbits of two points Wy and Ws in R™ intersect
if and only if grr(Wh) = grr(Wa). In particular they are of same local type 7. The
orbit of W is closed if and only if W is I'-polystable.

Proof: Note that for a given extension 0 — E' — E — E” — 0 of I'-sheaves
we can find a family of extensions E; of E” by E’, parametrised by ¢ € A!, such
that for each ¢t # 0 the extension is isomorphic to the given one, and for ¢ = 0
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the extension is trivial. Suppose the Jordan-Holder filtration for E is given by
0= FEy C E; C E; = E. Then we find that the orbit corresponding to grr(FE) is in
the closure of the orbit corresponding to . Now we use induction on the length of
the filtration. Therefore, if grp(W1) = grr(W2), then the closures of the orbits of
W, and W, intersect.

Conversely, we have to prove that the orbit corresponding to grr(W) is closed.
Suppose W is a (T, x)-semistable sheaf such that grpr(W) = W. Suppose T is a
curve and ty € T is a closed point, and suppose that £ is a (I', x)-semistable sheaf
on Y x T over T such that & = W for ¢t # to. If W; is a '-stable component
of W then there are at least as many I'-maps from W; to &, as to W. Since &,
is semistable, this implies that &, is a direct sum of copies of W; with the same
multiplicities as W, so &, = W.

g.e.d

We recall the construction of the I'frame bundle associated to a I'-vector bundle
as in [1].

4.0.1. T'—frame bundle. Let S be a scheme of finite type with a trivial I'-action.
Let F be a I'locally free Og module of rank r and assume that each fibre Fj is a
I'~module and the I'-module structures on all points are same. Let W be a finite
dimensional vector space of dimension 7 which is a I'-module isomorphic to the
I'~module Fs for s € S. Denote by Og(W) the trivial rank r sheaf modelled by W.
With this added structure, we have a canonical group namely, H; = Autp(W) C
GL(W), which acts on Og(W) by I'-automorphisms.

Let Homp(Og(W), F) := Spec(S*(Homp(Os(W), F)))* — S be the geometric
I—vector bundle that parametrises all ['~homomorphisms from Og(W) to F. Let
O(F) := Isomp(Os(W),F) C Hompr(Og(W),F) be the open subscheme which
parametrises all '-isomorphisms and let 7 : ®(F) — S denote the canonical pro-
jection.

Then we observe that the group H; acts on ®(F) by composition and 7 is a
principal bundle with structure group H;. Indeed, the I'-structure on F' gives a
natural reduction of structure group of the frame bundle associated to F' (which by
the usual construction is a principal GL(W)-bundle).

This bundle 7 : ®(F) — S is called the I'frame bundle associated to F. It
follows from the construction that there is a I'-isomorphism ¢ : (’)g( N ™ F,
called as the universal trivialisation of F'.

We now define the I'moduli functor as follows:

Let Y be a smooth projective variety over C. Let © be an ample line bundle on
Y. Fix a polynomial P € Q[z]. We define a I'-moduli functor

ME 2 (Sch)C)° — Sets

as follows. If S is a scheme over C, let M (S) be the set of isomorphism classes
of S-flat families of I'-semistable sheaves on Y with Hilbert polynomial P. If
f:S" — S is a morphism of schemes, let M"(f) : MY (S) — M (S’) be given
by [F] — [°F].

We consider the quotient M/ ~ again denoted by M' where the equivalence
relation means F' ~ F' for F, ' € M"(S) if and only if F = F' @ p*(L) for some
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line bundle L € Pic(S). If we consider the I'-stable sheaves only we have the open
subfunctor (MT)s.

Remark 4.11. If we restrict to the case of I'-semistable sheaves of local type 7, we
get the '-moduli functor M” as the moduli functor for I'-semistable sheaves of
local type .

Theorem 4.12. The I'-moduli functor MY is corepresented by a scheme M*. And
the scheme MT™ corepresents the I'-moduli functor M™.

Proof: Let F' be an S-flat family of I'-semistable sheaves with Hilbert polynomial
P parametrised by S. Then Vg := p,(F ® ¢*(NO)) is a I'-locally free sheaf on S of
rank P(N). We have a canonical I'-surjection ¢ : p*(Vp) ® ¢*(Oy(—=N)) — F.
Let R(F') denote the I'-frame bundle associated to Vp with the natural projection
7 : R(F) — S. Composing ¢ with the universal trivialisation f : OF(N) —
7*(F) of Vg on R(F) we obtain a canonically defined quotient

qr : Orpy @V @ Oy (=N) — 7y (F)
on R(F) x Y. This I'—quotient gives rise to a classifying morphism
(O R(F) — Q’U,Otp(v X Oy(*N), P)

Since R(F) is a I'-frame bundle this is an H; := Autr(P(N), C)-principal bun-
dle, and the morphism ®p is Hj-equivariant. Therefore we have ®p(R(F)) C
Quotr(V @ Oy (—N), P). In this way one can prove that there is a natural trans-
formation between M and RT/H. The same follows for M7.

We recall the following theorem:

Theorem 4.13. [4, Theorem 4.2.10] Let G be a reductive group acting on a projec-
tive scheme X with a G-linearised ample line bundle L. Then there is a projective
scheme Y and a morphism m : X°(L) — Y such that 7 is a universal good
quotient for the G-action. Moreover there is an open subset Y° C Y such that
X*(L) = 7= 1(Y*) and such that 7 : X*(L) — Y*® is a universal geometric quo-
tient. Finally, there is a positive integer m and a very ample line bundle M on'Y
such that L®™|x ey = 71 (M).

We apply the above theorem to the scheme R! with a group action H and with
a H linearised line bundle L/, coming from the embedding ,,. So we have the
following theorem:

Theorem 4.14. Let Y be a smooth projective algebraic variety over C. Let P
be a polynomial in Q[z]. Let V' be a T'—vector space of dimension P(N). Let
R the scheme which parametrises (T, x)-semistable pure d-dimensional coherent
sheaves on Y with the fized Hilbert polynomial P. Then there is good quotient
MY = RV//H which is a projective scheme. The points of M" represent the
equivalence classes of (I', x)-semistable pure d-dimensional sheaves on'Y under the
relation that Wy ~ Wy if grr(Wy) = grr(Ws). Furthermore, there is an open set
(M) which represents all the isomorphism classes of (T, x)-stable sheaves on Y.

Proof:

The existence of the good quotient M" is coming from the above theorem. The
projectiveness of the scheme M follows from the Seshadri’s results [12] since RY C
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Quotr(V @ W, P,d) is the set of all semistable points of the projective scheme
Quotp (V@ W, P, d).

In order to check the equivalence relation, it is enough to check that for the
sheaves Wi, W, the closures of the corresponding orbits in the scheme R’ intersect
if and only if grr(W1) = grr(W2). This comes from Lemma 4.10.

Lemma 4.15. Let R™ denote the subset of R' consisting of all ¢ € R" such that F,
is locally of a fized type 7. Then there is a good quotient M™ := R™//H. This is a
moduli space of I'-semistable sheaves of local type T. Again we have the equivalence
relation ~ that Fy ~ Fo if and only if grr(Wh) = grr(Wa). Furthermore, there
is an open set (MT)* which represent all the isomorphic classes of (I, x)-stable
sheaves on Y of local type T.

Proof: We see that any (I, x)-semistable sheaf of local type 7 is a semistable point
in Quotp(V @ W, P,d). The group H acts on this scheme R”. The scheme R" is
embedded in R' as a closed subscheme. Therefore the good quotient M™ = R”//H
exists. If & ~ & then they are of the same local type. This implies that the moduli
space M7 corepresents equivalence classes of (T, x)-semistable pure d-dimensional
sheaves of local type 7 on Y under the relation that Wy ~ Wy if grpr(Wy) =
grr(Wa).

Lemma 4.16. Let X be a smooth projective algebraic surface over C. Let ©1 be
a very ample line bundle on X. Let D be a normal crossing divisor on X. Let'Y
be a Kawamata covering of X as above. Suppose E, is a S-flat parabolic torsion
free sheaf on X. Then there is a S-flat I'—torsion free sheaf W on Y such that
P (W) = E..

Lemma 4.17. Parabolic moduli functor Pary; defined in 2.28 is corepresented by
a scheme MT.

Proof: Let E, be an S-flat family of parabolic torsion free sheaves on X with
parabolic Hilbert polynomial P and parabolic datum s,. In particular this is a
parabolic sheaf on S x X. This implies that there is W a I'-sheaf on SxY. I.e. W is
a S-flat family of I'—torsion free sheaves on Y with Hilbert polynomial P’(induced by
P) and of local type 7. We see that the functors Pary; and M™ are equivalent. This
follows because we have a morphism Parps(S) — M7 (S) for each S. In fact this
is an isomorphism(Again follows from Seshadri-Biswas correspondence). Therefore
corepesenting the functor Parj; is equivalent to corepresenting the functor M7

g.e.d
Thus we have the following theorem on parabolic bundles on X.
For notations see the Section 2.3.
Theorem 4.18. Let X be a smooth projective algebraic surface over C. Let ©1 be a
ample divisor on X. Let D be a normal crossing divisor on X. Let P be a polyno-
mial in Q[z]. We fix s, a parabolic datum. Then there is a moduli space MP*" (P)

of parabolic x-semistable bundles E, on X with parabolic Hilbert polynomial P, and
parabolic datum s,.

5. Determinant line bundles on the parabolic moduli space

Let Y be a smooth projective variety of dimension n equipped with a very ample
line bundle ©. Let K(Y) and K°(Y) denote the Grothendieck groups of coherent
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sheaves and locally free sheaves on Y respectively. Then K°(Y) is a commutative
ring with 1 = [Oy], with the multiplication given by the tensor product of locally
free sheaves. Since Y is smooth and projective, we have K (Y) = K°(Y). This ring
K(Y) is equipped with a quadratic form ¢ : (u,v) — x(Y,u ® v). This form is
calculated in terms of the rank and the Chern classes of u. For example, if Y is a
smooth projective surface, and if u € K(Y') is of rank r, and the Euler characteristic
X, we have
qu®@u) = 2ry + ¢t —r2x(Oy)

We say u,v € K(Y) are numerically equivalent, w = v if u — v is in the radical of
the quadratic form g. We work with the quotient K(Y),um = K(Y)/ =.

If F is a flat family of coherent sheaves on Y parametrised by a scheme S, then F
defines an element [F] € K°(S xY), the Grothendieck group of S x Y generated by
locally free sheaves. Let p, q are the projections from Y x .S to S and Y respectively.
We define a homomorphism from the Grothendieck group of coherent sheaves on
Y:

Ar: K(Y) — Pic(9).
as follows: For v € K(Y), Ar(u) = det(p(F - g*(u)), where F - ¢*(u) is the product
in K(SxY)and p : K°%S xY) — K°S) associates to each class u the class
> (1) Rip.(u).

We observe that this Ax has a collection of functorial properties(see [4, Page
179)):

Lemma 5.1.

(1) If0 — Ey — Ey — E3 — 0 is a short exact sequence of S-flat families
of coherent sheaves then Ag, = A\g, ® A\g,.

(2) If F is an S-flat family and f : S" — S a morphism then for anyu € K(Y)
one has A gz p(u) = f*Ar(u).

(3) If G is an algebraic group, S a scheme with a G-action and E a G-linearised
S-flat family of coherent sheaves on Y, then Ag factors through the group
Pic%(S) of isomorphism classes of G-linearised line bundles on S.

(4) Let € be an S-flat family of coherent sheaves of class ¢ € Kpym(Y) and let
N be a locally free Og sheaf. Then Argp-nr(u) = Ax(u)" ™) @ det(N)X(c®®)

For any class ¢ € K(Y)pum, we write ¢(m) := c¢- [mO] and denote by P(c) the
associated Hilbert polynomial P(c,m) = x(c(m)).

Let F be an S-flat family of I'-coherent sheaves with Hilbert polynomial P(c).
The points s € S such that F; is of class ¢ form an open and closed subscheme of
S. Therefore M"(P) decomposes into finitely many open and closed subschemes of
MY (c;) where P(c;) = P.

Let S C K(Y) be any subset, let S~ C K(Y) be the subset of all the elements
orthogonal to S with respect to the quadratic form q.

Definition 5.2. Let ¢ € Kpum(Y) and © a very ample divisor on' Y with 6 =
[Oe] € K(Y). Then we define K. := ¢+ and K. o :=ctN{1,0,0%, -..0"}++

We recall the following descent lemma from [4, Page 87].

Theorem 5.3. Let 7 : X — Y be a good quotient. Let F be a G-linearised locally
free sheaf on X. A necessary and sufficient condition for F to descend is that for
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any point x € X in the closed orbit xG, the stabiliser G, of x acts trivially on the
fibre F.

We have the following theorem which says that the condition © € K.g is a
sufficient condition to get a well defined determinant line bundle on M7 (c) by
means of u.

Theorem 5.4. Let ¢ € Ky (Y) be a class. Then there are group homomorphisms
X1 K. — Pic(((MY)*)(c)) and X : K.o — Pic((M")(c)) with the following
properties:

(1) A and A° commute with the inclusion K.o C K. and the restriction
Pic(MV)(e) — Pic(((M")*)(c)).

(2) Let & be a S-flat T'-semistable torsion free sheaf of class ¢ on'Y, and if
de : S — MY (c) is the classifying morphism, then \ and \e : K(Y) —
Pic(S) commute with the inclusion K. C K(Y') and the homomorphism
¢k« Pic(MY(c)) — Pic(S).

(3) If € is a S-flat family of T—stable sheaves of class ¢ on' Y, then \° and
Ae + K(Y) — Pic(S) commute with the inclusion K. C K(Y) and the
homomorphism ¢ : Pic(M"(c)))* — Pic(S).

Remark 5.5. If we consider the moduli space M7 (c¢) of I'-semistable sheaves of class
c and of local type 7 we see that the above theorem holds true in this case also.

Proof: Let R''(c) C Quoty(V®W, P,d) denote the open subscheme of I'—quotients
V ® Oy(—N) — F — 0 with F a I'semistable sheaf of class ¢ and a I'-
isomorphism V' — H°(F(N)). Then there is an universal quotient Ogr(,) @ V &
Oy (—N) — F. If we choose large M and m > 0, R'(c) is the set of semistable
points in the closure RT(c) with respect to the action of H and the H-linearised
line bundle A z([m®]). Moreover M (¢) = R (c)//H.

Let u € K(Y)num be any class. We consider the line bundle L := Az(u) on
R (¢). We note that the line bundle L inherits a H-linearisation from F. We claim
that L descends to a line bundle on M*(c) or (MY)%(c) if u € K. or u € K,
respectively.

By using Theorem 5.3 it is enough to check that for any point ¢ : V@ W —
F — 0 in a closed H-orbit, the action of the stabiliser group H, on the fibre L,
is trivial. Note that the H-orbit in the scheme R (c) is closed if and only if it is a
I'-polystable sheaf.

Let F be a I'polystable sheaf in the H-closed orbit. Then F = @;(F; @ W;)
with distinct ['-stable sheaves F; and vector spaces W;. Consider the corresponding
morphism {g} — R"(c¢). Then we see that Ly = (Az(u)), as a pullback of the
determinant line bundle L to the point {q}. We rewrite the fibre L, as follows.
Since W; is a vector space we can think of this as a trivial bundle on {¢}. So on
X x {q}, we have R*p.(F; @ p*(W;) ® ¢*(v)) = R°p.(F; ® ¢*(u)) ® W;. Then
by using Lemma 5.1 we have (Az, o .,y (v) = (Az, (u)) B W) @ det(W; )X (Fil@w)
where [F;] is a class of F; in K(Y'). This implies that

Ly =~ @(det(H*([Fi] - u))P™ W) @ (det(W;)X(Filw)),

We see that Hr = Autr(F) 2 IIGL(W;), and an element (Ay, As, -+, A;) with
A; € GL(W;) acts on the fibre L, = (A z(u)), via multiplication with the number
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Let ¢; = [F;] and r, r; are the ranks of F, F; respectively. We have for all m:
rix(c- [m®]) = riP(F(m)) = rP(Fi(m)) = rx(ci - [mO)]).
This is equivalent to x((r¢; — ric) - 0™) = 0 for all m, so we have (r¢; — ric) €
{1,6,0%,-..07}+.

Suppose F is I'-stable. Then Aut(F) = C*. So the action of A € C* on the
fibre L is the multiplication by AX(%-¢) Therefore for u € K, the multiplication
is trivial because x(u.c) = 0.

For F is not I'-stable, assume u € K. g. Then we have x((r¢; —ric) - u) =0
for (re; — ric) € {1,6,62,---,6"}+. This implies that x(u.c;) = Zx(u.c) = 0.
Therefore Idet(A;)Xw 17 =1,

Hence we have proved that the line bundle Az(u) descends to the line bundle
A¥(u) on (MT)*(c) for u € K, or to the line bundle A(u) on M (c) for u € K. o.

Now we check the commutative properties of the diagrams:

The commutativity of the following diagram follows by the definitions of the
maps.

(51) KC’@ inclusion Kc

_ >
)| ‘|
PiC(MF(C))restrictiofic(Mr)s(c)

Suppose € is an S-flat family of I'-semistable sheaves of class c¢. Then the sheaf
P« (€ ® ¢*1O) is a locally free sheaf of rank P(I) for large I. This sheaf is in fact
given by V := H(S, p. (€ ® ¢"10©)). This sheaf is a I'-sheaf on S(the action of I'
on S is trivial). Let m : S = Isom(Os(V),p«(€ ® ¢*1O©)) — S be the I'frame
bundle associated to the above sheaf. Let ¢g : S — RI(c) be the classifying
morphism for the I'-quotient V ® Oz, — 7*(€) — 0 which is the composition

of the I'-isomorphism ¢ : (95{3(1)
S the map ¢ is an H -equivariant morphism. So the map Qgg is an H-equivariant
morphism, and we have 7’ o g = ¢g o, where ¢g : S —+ M (c) is the classifying
morphism for the family £ and 7 : R (¢) — M"(c) is a good quotient. We also
see that the map 7* : Pic(S) — Pict(S) is an injective map.

— w*& and the evaluation map. Since H acts on

(5.2) S —— RI(c)

‘/ Pe i
S —— M¥(c)
de

From the above diagram we have the following sequence of H-equivariant isomor-
phisms.

F*qf)g*x\(u) = (;gg*ﬂ'/*)\(u) = ég*AF(u) = )\¢~£*F(u) == )\ﬂ*g(u) = F*)\g(u>.

From the above equalities we have the following: For u € K. o, As(u) = ¢:A(u).
So we have proved the second part. The third part follows easily from the above
calculation and the second part. Thus we have the theorem.

g.e.d
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We recall the following classes which are defined in [4]:

For Y a smooth projective algebraic variety of dimension n, fix a very ample
divisor © on Y and a class ¢ € K(Y)num and a base point € Y. Let § = [Og] €
K(Y). Define for each i € {0,1,---n}:

w(e) = —r- 0"+ x(c-6) - [O,].

We see that x(c ® ui(c)) = 0. If b € {1,0,0% ---0"}*, then x (6" -b) =
rank(b)deg(X) = 0 implies that rank(b) = 0. We get x(b ® u;(c)) = 0. Hence
u;(c) € K.o. Then by the above theorem we have the line bundles A(u;(c)) on
MY (c) for each i. Let L£; denote the line bundle A(u;(c)) on Pic(MY(c)). Then
the restriction of these line bundles to the fibres det ~*(Q) of the determinant map
det : M"(¢) — Pic(Y) is independent of the choice of z. So on MT(r, Q, ¢2) these
line bundles are well defined (cf [4, page 183,184]).

Theorem 5.6. Let f : MY(c) — MY (c(k)) be the isomorphism of the moduli
spaces given by [F| — [F ® kO]. For sufficiently large k > 0, the line bundle Lo
is ample on MY (c(k)) and in particular it is ample on M (c).

Proof: The proof follows easily from [4, Theorem 8.1.11].
g.e.d

From all the above discussion we have following conclusion;

Let Y be a smooth projective surface with an ample divisor ©. Let ¢ be class in
K(Y)um with rank 7 and Chern classes ¢;, ¢z, and a line bundle Q with ¢;(Q) = ¢;.
Then the line bundle £, ® L is ample on the moduli space MY (r, Q, c,) for sufficiently
large m >> 0. In particular we have line bundles £; on the moduli space M7 (c) of
I'—torsion free sheaves of class ¢ and of local type 7. And the line bundle £y ® LT* is
ample on M7 (c).

In [1], it has been shown that the linear system |L£7*| is base point free and we
have constructed MT#%5(r, Q, c) the moduli space of (T, u1)-semistable sheaves on
Y (Y is a surface).

For easy reference we recall the construction of the Donaldson-Uhlenbeck com-
pactification.

Let Y be a smooth projective algebraic surface and let © be a very ample line
bundle on Y. Let W = Oy (—N) and let V = H°(E) be a module where E is a
I'—sheaf with underlying vector bundle is trivial. Let P be any polynomial in Q]z].
From now on we write £ := V @ W. Let R be an open subscheme of all (T, )-
semistable quotients [¢ : £ — V] of £ with fixed topological data (r, Q,cs) given
by the rank r, determinant Q, second Chern class c; and such that ¢ induces a I'-
isomorphism V' — H?(V(N)). Note that the open subscheme R (r, Q, c2) which
parametrises all the I'—quotients which are (I, x)-semistable torsion free sheaves is
embedded as a subscheme in R'**. Let F be the universal quotient for the scheme
RU#. And let F be the corresponding universal quotient sheaf of RY (r, Q,ca).

The group H acts on the scheme R'* by automorphisms. There is an H-
linearised line bundle M := Az (u;(c)) on R'* where u;(c) as given before. Then
we have the following lemma and corollary:

Lemma 5.7. [1, Lemma 3.7]
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1. If s € RU" is a point such that for a general high degree T'—invariant
curve C, Fs |¢ is semistable then there exists an integer N > 0 and an
H—invariant section & € HO(RVH, MN)H such that 6(s) # 0.

2. If 51 and sy are two points in RU* such that for a general high degree
T'—invariant curve C, Fs, |c and Fs, |c are both semistable but not S-
equivalent or one of them is semistable but the other is not then there is a
H—invariant section &, in some tensor power of M which separates these
two points (i.e 5(s1) =0 but &(s2) #0).

Corollary 5.8. There exists an integer v > 0 such that the line bundle M" on
RUH is generated by H —invariant global sections.

Remark 5.9. From the above lemma and the corollary we conclude that the line
bundle £; is base-point free on the moduli space M' (r, Q, cy). In particular it is
base point free on the moduli space M7 (r, Q,ca) of (T, x)-semistable sheaves of
local type 7.

Since RT* is a quasi-projective scheme and since M is H-semi-ample, there
exists a finite dimensional vector space A C A, := HO(RV# M¥)H that generates
MY of course, there is nothing canonical in the choice of A.

Let ¢4 : RI" — P(A) be the induced H-invariant morphism defined by the
sections in A.

We denote by M, the scheme theoretic image ¢4(R"*) with the canonical
reduced scheme structure. We see that M 4 is proper over C. We see that the space
D~ HO(RM#, M*5)H is a finitely generated ring for sufficiently large number S.

We choose a large integer S . Let MY #(r, Q, c3) be the projective scheme
(5.3) Proj @ HO(R™*, M*$)7
k>0

and let
¢ RVH(r, Q,c0) — MY H(r, Q, co)
be the canonical induced morphism.
We note that there is an H—invariant morphism
©: R'(r, Q,cy) — Proj @ HO(R"#, M*)H
k>0

which is the composition of the inclusion RY(r,Q,co) C RVH(r, Q,co) and the
morphism ¢. Then by the universal property of the categorical quotient map 7 :
RY(r,Q,c3) — MY (r, Q,cy) there is an unique morphism

o MF(T, Q,c0) — MF’“(r7 Q,¢2)

such that the following diagram commutes.
RF(T7 Q7 CQ) $ MF,H(T7 Q7 02)
Wl /
MY (r, Q,¢c2)

We see that the line bundle O(1) on MT#(r, Q, cy) pull backs to the line bundle
A#(u1(c))® on RF(r, Q, cy) which in turn descends to the line bundle A(uq(c)) = £7
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on MY(r,Q,¢cp). This morphism ~ is the Gieseker-to-Uhlenbeck map for the I'-
category.

Proposition 5.10. The moduli space M"*(r, Q,¢c3) of isomorphism classes of
(T, ) —stable locally free sheaves with fixed determinant Q on'Y, is embedded in the
moduli space MTH(r, Q, co).

The closure of the moduli space MT#*(r, Q. cy) in MY#(r, Q, cy) is the desired
Donaldson-Uhlenbeck compactification of (T, u)-stable bundles.
From now on we restrict our attention to the category of I'-sheaves of fixed topo-

logical local type 7. We rephrase the statements we have proved to this category.
Then

Theorem 5.11. Let M7 (r, Q, ca) be the moduli space of (T', x)-semistable sheaves of
local type 7. And let MT™*(r, Q, ca) be the moduli space of (T, u)-semistable sheaves
of local type T. Then there is a morphism 7y called the Gieseker-Uhlenbeck map
v M7 (r,Q,c0) — M™*(r, Q, ca)
such that v*(O(1)) = L7 for some large S.
The Donaldson-Uhlenbeck compactification for parabolic bundles can be de-

scribed as a stratified space in terms of parabolic polystable bundles with decreasing
parabolic chern classes  as follows:(For details see [1, Page 67))

(5.4) Mg, (rn,Pk) C [T M P2 (r, Pk — 1) x SY(X).
1>0
where by My ) fozy(r P, k), we mean the set of isomorphism classes of polystable

parabolic bundles with parabolic datum given by (a,1,r,j), fixed determinant P
and with topological datum given by k£ and x as mentioned above.

We have the following theorem in the parabolic category which is an immediate
consequence of the previous theorem:

As we recall from the Section (2.3) we fix the parabolic datum s,.

Theorem 5.12. Let X be a smooth projective algebraic surface over C. Let ©1 be
an ample divisor on X. Let D be a normal crossing divisor on X. Let P be a poly-
nomial in Q[z]. We fix s, a parabolic datum. We also fix the tuple ¢, = (P, ca,84),
where P, the determinant of E., co the second Chern class of the underlying sheaf
of E.. Let MP*"(c,) be the moduli space of x-semistable parabolic bundles E, of
type ¢, on X, and let MP"#(c,) be the moduli space of p-semistable parabolic bun-
dles E. of type c.. Then there is a morphism ~v called the Gieseker-to- Uhlenbeck
map for the parabolic bundles:

vt MP () — MPPH(c,).

6. CONCLUDING REMARKS

e The moduli space we have constructed in this method is intrinsic at the
level of smooth projective algebraic surfaces.

e Even though categorically I'-sheaves and parabolic sheaves are the same,
we could not prove the I'-semi-stable sheaf <+ parabolic semi-stable
sheaf under this correspondence for the reason that we could not obtain
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the Lemma 2.23 for higher dimensions. In fact it is not even clear how to
write the parabolic Chern character in higher dimensions for the parabolic
sheaves (see. [5])

e The map will be very much helpful in the computations of wall crossing
formula for the case of parabolic sheaves in the surface level.

e In our forthcoming paper we show that the morphism + is strictly semismall.
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