
PHY202: Assignment 3 solutions

1.

〈X〉 =

∫ ∞
−∞

ψ∗ (x)xψ (x) dx

=

∫ ∫ ∫
dpdp′φ∗

(
p′
)
e

ip′x
~ xe−

ipx
~ φ (p) dx Expanding ψ and ψ∗ in momentum basis

=

∫ ∫
dp′φ∗

(
p′
)
e

ip′x
~

∫
dpφ (p) i~

∂

∂p
e−

ipx
~ dx

Where we’ve used the identity xe−
ipx
~ = i~ ∂

∂pe
− ipx

~

=

∫ ∫
dp′φ∗

(
p′
)
e

ip′x
~

∫
dpe−

ipx
~ i~

∂

∂p
φ (p) dx Integrating by parts

=

∫ ∫ ∫
dpdp′φ∗

(
p′
)
e

i(p′−p)x
~ i~

∂

∂p
φ (p) dx

=

∫ ∫
dpdp′φ∗

(
p′
)
i~
∂

∂p
φ (p) δ

(
p′ − p

)
Performing the x integral

=

∫
dpφ∗ (p) i~

∂

∂p
φ (p) Performing p′ integral

Now everything is in momentum basis. Hence we conclude X̂ = i~ ∂
∂p

in momentum basis.

2. We know already that

〈p〉 =

∫ ∞
−∞

ψ∗ (−i~) ∂xψ

=⇒ d〈p〉
dt

= −i~
∫ ∞
−∞

(
∂ψ∗

∂t

∂ψ

∂x
+ ψ∗

∂2ψ

∂x2

)
dx

=

∫ ∞
−∞

[(
−i~∂ψ

∗

∂t

)
∂ψ

∂x
+
∂ψ∗

∂x

(
i~
∂ψ

∂t

)]
dx

Now using Schrodinger’s equation and it’s complex conjugate we can
expand the two terms above to get,

d〈p〉
dt

=

∫ ∞
−∞

[
−~2

2m

∂

∂x

(
∂ψ∗

∂x

∂ψ

∂x

)
+ V (x)

∂|ψ2|
∂x

]
dx

The first term is a total derivative and thus will give zero after integra-
tion and putting limits. The second term can be integrated by parts
to give, ∫ ∞

−∞
V (x)

∂|ψ2|
∂x

dx =

∫ ∞
−∞

dV

dx
|ψ2|dx = 〈dV

dx
〉

Thus,
d〈p〉
dt

= 〈dV
dx
〉 [Q.E.D]
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