MTH 328: THEORY OF ERROR CORRECTING CODES

ABSTRACT. Class notes for the course MTH328: Coding theory during January semester of 2020.
The course policy can be found on the course webpage
www.liserpune.ac.in/~kaipa/teaching/MTH328.

1. INTRODUCTION

When information is transmitted over a communication channel, the information gets corrupted
by noise entering the channel. For example:

(1) the data transmitted by Chandrayaan through outer space (which is the communication
channel here), gets corrupted by thermal noise

(2) The information written on a CD (compact disk) is corrupted by finger-marks and scratches.

(3) Similarly, the data transmitted from your cell phone to the cell-tower also encounters many
sources of noise.

Therefore, in modern communication systems we cannot afford to transmit the raw data. What
we transmit is the data with some redundancy built in. The purpose of adding redundancy is to be
able to correct the errors picked up during transmission. We take the following point of view.

e There is a set F of finite size ¢ (which we call the alphabet). The input and output to the
channel is F" (the Cartesian product of F with itself n times) — equivalently, the set of
words (strings) of length n with letters from F.

e There is a set of messages M. We denote the size of this set by M.

e The encoder is a one-to-one function from M — F™. The image of this map is the code C,
and its elements are called codewords. Clearly C' also has size M.

e There is a decoder at the receiving end of the channel: when a codeword c is transmitted
and a corrupted word ¢ is received, the job of the decoder is to give its best estimate for
what ¢ could have been.

The purpose of encoding is to use the ‘larger space’ F" to spread-out the message words. In
order to quantify this, we need a metric d : F"* x F" — R. With respect to such a metric d, let

de = min{d(z,y) : z,y € C,x # y}.

The number d¢ is called the minimum distance of C' and the associated number to := (de — 1)/2
is called the packing radius of C. Consider the collection of M balls of radius t¢ centered at each
codeword. Check using triangle inequality for the metric d (see HW) that these balls are disjoint.
Next, suppose the nature of the channel and noise is such that the distance between a transmitted
codeword ¢ and the received (corrupted version) word ¢’ is at most to, then the decoder has no
trouble in identifying ¢ correctly, because ¢ is in the ball centred at ¢, and the balls are disjoint.
This is the main promise of error-correcting codes.
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The most common metric on F" is the Hamming metric (named after Richard Hamming, who
also created the first error correcting codes). In this course we will use only the Hamming metric
on F".

(1) dlz,y) =#{1 <i<n:z #y}

There are three conditions for a function d : X x X — R to be a metric on a set X: i)
d(z,y) > 0 with equality if and only of x = vy, ii) d(z,y) = d(y,z), and iii) the triangle in-
equality d(z,y) + d(y,z) > d(z,z). The properties i) and ii) are obvious for the Hamming metric.
See HW for the triangle inequality.

We give some basic examples of codes. When we say that C' is an [n, M, d| code or [n, M,d],
code we mean that C is a subset of F™ of size M, and the alphabet size is |F| = ¢. The minimum
distance of the code is d. The parameter n is called the length of the code.

(1) Suppose the set of messages is M = F. Let ¢t be a natural number and C' C F**!. The
encoding is a — aa . ..a (the letter a is repeated 2t + 1 times). If at most ¢ bit errors happen
then the decoder can decode with 100% accuracy. This is a repetition code with parameters
2t +1,¢q,2t + 1],. This is the simplest example of how building redundancy into the data
allows us to correct errors. Clearly it is also very inefficient, in the sense that the rate of
transmission is 2t 4+ 1 times slower than transmitting raw data.

(2) Let F = Fy the binary field (recall Fo = {0,1} with 1-1 =1 and 1 +1 = 0 etc). Let
M = F7. Let C C F® defined by the encoding (z1,...,27) = (T1,...,T7, 01 +To+ -+ T7).
This is the ASCII code with parameters [8,128,2],. Its minimum distance is 2 (See HW
1). It cannot correct any errors but it can detect 1 error : if exactly one of the symbols
x1,...,2s gets corrupted (i.e. 0 changes to 1 or vice-versa) then the recieved word will not
be a codeword.

(3) The ISBN code is a string x1xs ... 919 (with some hyphens which we will ignore). Here
x1,...,x9 € {0,1,...,9} and z19 € {0,1,...,9,10}. The letter xyo is determined in terms
of x1,...,x9 by the formula g = Z?:l 1x; mod 11. Also, if 19 works out to be 10 mod 11
then the letter X is used for xq¢ instead of x19 = 10. For example 0550 — 10206 — X is
a valid ISBN code, because Z?:l tz; = 98 = 10 modll. The ISBN code has minimum
distance 2. It has parameters [10,10° 2];1. Tt is designed to detect one error. It can also
detect a double-error created by the transposition of two digits (See HW).

(4) Let F = F, be a finite field. (We will see that the size of a finite field is a prime power.
Moreover for each prime power there is a unique field of that size up-to isomorphism). Let
the message space be M = F* i.e. the vector space F’; . We will represent message words
as (ag, a1, ...,ax_1). Let us fix n distinct elements xq, xo, ..., x, of F,. The code C' C [y is
defined by the encoder

(ag,...,ak—1) — (p(x1),p(x2),...,p(z,)),
where p(X) is the polynomial p(X) = a1 X* ' + ap_o X2 + .- + ;X + ag. In other
words we take the components of the message as the coefficients of a degree at most k£ — 1
polynomial and evaluate the polynomial at zi,...,z,. This is a Reed-Solomon code which
is used in CD/DVDs as well as data storage at Facebook. The minimum distance of this
code is n — k + 1 (see HW). Thus the parameters of this code are [n,¢*,n — k + 1],.
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2. ASSIGNMENT 1

(1) Show that ball of radius r < t¢ centred at codewords are pairwise disjoint, but if r > t&
we can find codewords ¢, ¢’ such that balls of radius r centred at these codewords intersect.
Thus t¢ is the largest integer r such that balls of radius r centred at each ¢ € C, are pairwise
disjoint.

(2) Show that the minimum distance of the four codes (repetition, ASCII, ISBN, Reed-Solomon,
) is as asserted.

(3) Let z,y, z be words of length n from some alphabet F. Consider the triangle inequality for
the Hamming metric d(z,y) < d(x, z) + d(z,y).

a) Prove the triangle inequality.
b)* Given z,y describe and count the number of words z for which equality holds in the
triangle inequality:.

(4) Show that the ISBN code can detect one error, and that it can also detect a double-error
created by the transposition of two digits.

Determine x in the following valid ISBNs.
0— 13— 129139 — 9, 0—02—32z280 —0
(5) (optional)* Let F = F, the binary field. Let z,y, and z be words in F" that form an

“equilateral triangle,” that is, d(x,y) = d(y,2) = d(z,2) = 2t. Show that there is exactly
one word v € F" such that d(z,v) = d(y,v) = d(z,v) = t.
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3. INTRODUCTION CONTINUED

Recall that the code C' is the image of an injective encoding map 2 : M — F". The set M of
messages and hence the code C' has size M. The ambient space F™ has size ¢". It is convenient
to consider logarithmic versions of sizes: we say that the ambient space F" has log, ¢" = n bits
of information, and the set of messages requires log, M bits of information. The rate, also called
information rate or transmission rate of a [n, M, d], code C'is defined to (log, M)/n. It is a measure
of efficiency of the code.

The relative minimum distance of C'is do/n. Since C' can correct (de — 1)/2 errors, it follows
that the relative minimum distance do/n is a measure of the error correcting capacity of C.

A good code is one which has a high rate and high relative minimum distance. These two re-
quirements are in general conflicting, in the sense that it is easy to achieve one of them high at the
expense of lowering the other. We will study the trade-off between these two quantities, in some
detail later in this course. Note that both the quantities, relative minimum distance and rate of
transmission are numbers in the interval [0, 1]. To a code C' we can assign a point (d¢/n, log, M/n)
in the unit square [0, 1] x [0, 1].

The size of a sphere of radius r centred at x € F" is clearly

S,(n, 1) = (’;) (g—1)

The size or volume of a ball of radius r centred at x € F" is therefore

o =3 (7)1

i=0
By definition of a ball, it follows that (for fixed n and ¢) V,(n,r) is an increasing function of r for
0 < r < n. Note that V,(n,r) = ¢" for r > n. On the other hand S,(n,r) is not an increasing
function of r on all of 0 <7 <n. For 0 <z <1, the fraction (log, S,(n, [xn]))/n has a limit H,(z)
as n — 0o. We will study this function H, : [0,1] — [0,1] (known as the Hilbert-Shannon g-ary
entropy function) later in this course. We just mention here that for ¢ = 2 we have

Hy(x) = — (zlogy(z) + (1 — x) logy(1 — ).

The distance of a word z € F" from a code C' C F" is d(z,C) = min{d(z,c) : ¢ € C}. The
covering radius pc of a code C' C F™ is defined to be the largest possible value of d(z, C'):

pc = max{d(z,C) :x € F"}.

It is easy to see that (see HW) p¢ is the smallest integer 7 such that the union of balls of radius
r centred at each codeword is the whole space F™. In particular

MVy(n, pc) > q".

Earlier we have seen that the collection of balls of radius ¢~ centred at each codeword are non-
overlapping. In particular

(2) MVy(n,tc) < q".
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This is known as the Sphere Packing bound or Hamming bound on the size of a code. In terms
of the trade-off between the rate and relative minimum distance of a code that we mentioned ear-
lier, we can interpret this bound as saying that for a [n, M, d], code C, the rate n_llong <

1 —log,(Vy(n,tc))/n.

Since V,(n,r) is a non-decreasing function of r, and
‘/(I(nup(f) > qn/M > ‘/(I(natc)a

it follows that tc < pc. We say a code is perfect if tc = pe or equivalently if MV, (n,tc) = ¢". For
a perfect code d¢ is always an odd integer (see HW).

We will now mention three interesting and hard/important problems in Coding theory.

e The topic of perfect codes presents many interesting combinatorial problems, some of which
are still unsolved. For example it is a hard unsolved problem to determine if there exist
perfect codes C' with t¢ = 2 over an alphabet of composite (non prime power) size g.

e Given a code C' C F™, we saw that the collection of balls of diameter at most do — 1
centred at the codewords, are non-overlapping. This gave the Sphere-Packing bound .
Similarly if we draw a ‘box’ around each codeword ¢ € C, where the box consists of all
x € F" which agree with c in the first n — d¢ + 1 coordinates, then this collection of boxes
is non-overlapping: indeed if the boxes around ¢ and ¢’ have a common member x, then ¢
and ¢ agree in the first n — do + 1 coordinates and hence d(c, ¢’) < de — 1 contradicting the
definition of dc. Clearly each box has size ¢?%¢~!. Therefore, the non-overlapping property
of this collection of boxes gives the inequality Mg9c—! < ¢" or

(3) M < griett,

known as the Singleton bound on the size of a code. Again, in terms of the trade-off between
the rate and relative minimum distance of a code that we mentioned earlier, we can interpret
this bound as saying that for a [n, M,d], code C, the rate n~'log, M < 14 1/n+ dc/n.
Codes achieving the Singleton bound are known as MDS codes (short for Maximum Distance
Separable Codes). The topic of MDS codes opens some fascinating problems in combina-
torics.

A code C' C F" is called linear is F is a finite field F, of size ¢ and C' is a linear sub-
space of [Fy. If the dimension of this subspace is k then the size of the code is M = . If
k < g, there is no known examples of linear MDS code of size ¢* and length n > ¢ + 1.
A famous conjecture in coding theory/combinatorics/finite algebraic geometry known as the
MDS' conjecture is that there is do not exist linear MDS codes of length n > ¢+ 1 if the size
q" satisfies k < ¢. (There are some exceptions if ¢ is a power of 2).

e The trade-off between the rate and relative minimum distance of a code is captured by the
quantity A,(n,d) defined to be the largest value of M for which there exists a [n, M, d],
code. In other words log, A,(n,d)/n is the largest rate possible for a code with minimum
distance d. The problem of determining A,(n,d) for general n and d is not a tractable
problem because of combinatorial explosion. A central problem in coding theory is to obtain
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good upper and lower bounds on A,(n,d). There is a more tractable and highly interesting
version of this problem: For a given relative minimum distance x € [0, 1] we consider the
sequence (log, Ay(n, [zn]))/n. While this sequence may not have a limit as n — oo, it does
have a limsup and lim inf because the sequence takes values in [0, 1] and hence is bounded.
The asymptotic information rate function is defined to be:

log, A
ay(z) = lim sup 08y Ay, anJ)

n—00 n

The exact value of this function o, : [0,1] — [0,1] is not known. It is known to be
continuous and monotone increasing, but we do not know if it is differentiable. Its graph is
conjectured to be U-convex. Again, it is an tmportant and interesting problem in coding to
obtain good upper and lower bounds for this function. Many of the good bounds on «(x) are
expressed in terms of the entropy function H,(z).
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4. HAMMING CODES: COIN WEIGHING PROBLEMS AND IPL BETTING PROBLEM

The Coin Weighing Problem: There are 12 coins of which at most one of them is fake. The fake
coin, if it exists, is either slightly lighter or slightly heavier than the standard weight. We have to
decide a) if there is a fake coin, b) if yes, then identify it among the 12 coins, ¢) determine if it is
lighter or heavier than the standard weight. Show that, we can use the balance 3 times to achieve
this.

If we replace the number of coins from 12 to a general number n, then show that we need to use
the balance r = [logs(2n + 3)] times.

The IPL Betting problem: Suppose there are ¢ IPL matches in a tournament. The matches are
expressed as Team A vs Team B. A bet consists of predicting the outcome of all the ¢ matches as
a word in F* where F = {0,1,2}. Here the outcomes 0,1 and 2 stand for a draw, Team A wins,
and Team B wins respectively. A first prize in the betting goes to someone who predicts all the
outcomes correctly. A second prize to someone who predicts all but one outcomes correctly. Let
f(t) denote the least number f(t) of bets required to guarantee at least a second prize.

Find the value of f(t) for values of ¢ of the form (3" — 1)/2 for some integer r > 2; ie. for
t=4,13,40,121,. . ..

The answer to both these problems is based on a family of perfect codes of minimum distance 3
over the finite field F3 (with 3 elements), known as the Hamming codes, which we next discuss.

For the betting problem, consider the space F! consisting of words of length ¢ from the alphabet
F ={0,1,2}. The result of the tournament is a word in F*. We assume every word of F"' is a
possible outcome of the tournament. The bets placed by a person consists of a code C' C F*. If
this person wants to be guaranteed of at least a second prize, then we must have d(x,C) < 1 for
each r € F*'. (For every possible outcome x, there should be a codeword ¢ € C differing from z
in at most one coordinate). Thus F* is the union of balls of radius 1 centered at each codeword.
Each such ball has size V5(¢,1) = 1+ 2t. If |C| = M, then the union of the balls has size at most
M(1+ 2t). Thus

3'=|F| < M(1+2t).
This gives M > 3'/(1 + 2t). In other words, the person cannot be guaranteed of at least a second
prize if M < 3'/(1 + 2t). We now show that whenever 3'/(1 + 2t) is an integer, there is indeed a
code C of size M = 3'/(1+42t) with d(x,C) < 1 for all x € F*. (The covering radius pc = 1). Since
3 is a prime number 3'/(1 + 2t) is an integer if and only if it is of the form 3", i.e. t = (3" —1)/2
for some r < t.

We think of the alphabet F = {0,1,2} as the field F3 = Z/3Z. Let S be the subset of Fj
consisting of all nonzero vectors whose first nonzero coordinate is 1. Note that the set of nonzero
vectors of Fj has size 3" — 1 and between the pair v and —v exactly one of them has 1 for the
value of the first nonzero coordinate. This shows that |S| = (3" — 1)/2 = t. Also note that each
one dimensional subspace of F? has 3 elements consisting of {0, v, —v} for a unique v € S. Thus
we may also think of S as the set of one-dimensional subspaces of I} (equivalently the set of lines
through the origin of F%). Consider the matrix H of size r x (3" — 1)/2 whose columns consist of
some ordering of the S. We define C' C % to be the null space of H, i.e. C = {y € Fy: Hy = 0}.
Since the r x r identity matrix appears as a sub-matrix of H, we see that H has full rank r, and
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hence dim(C') = t — r by the rank-nullity theorem. In particular |C| = 3" as required. In order
to show that d(x,C') <1 for all x € F%, we will need the following lemma:

Lemma 1. Let C C Fy be a linear code given as the null space of a v X n matriz H of full rank r.
Let x € /. Then

d(z,C) = min{p : Hx can be expressed as a linear combination of p columns of H}.

Proof. Let x € F}, and let ¢ € C. Consider e = x — ¢. Note that the distance of z from c is the
number p of nonzero entries of e. Since ¢ is in the null space of H, we have Hx = He is a linear
combination of p columns of H. Conversely if Hz is a linear combination of ;1 columns of H we can
write Hr = He where e has p nonzero entries. It then follows that ¢ = x — e € C and d(zx,¢) = p.
This establishes that d(z, C') is the minimum number of columns of H such that Hx is in the span

of these columns. O

Returning to the code C' C F%, we note that for any x € F%, either Hx or —Hz is in S. Therefore,
by the lemma above d(z,C) <1 for all z € F%.

Next, we discuss the coin weighing problem with n coins. Let the coins be labeled as C1, ..., C,.
Each time we use the balance we have to put an equal number of coins on the left pan and the
right pan of the balance. Consider the vector (zi,...,2,) € F} where z; = —1 if the coin C} is
put on the left pan, and z; = 1 if C; is put on the right pan. We put z; = 0 if C; is not weighed.
Suppose we use the balance r times. Consider the matrix G of size r X n whose i-th row consists of
the vector (z1,...,x,) associated with the i-th use of the balance. The reading of the balance can
be expressed as an element of y € F5: if the left pan is lighter we put y = —1, and if the right pan
is lighter we y = +1 and if the pans are of equal weight, we put y = 0. Let y = (y1,...,y,) € F}
be the result of all the r uses of the balance. We now make an observation. If there is no fake
coin then y is the zero vector. If Cj is fake and lighter, then y is the j-th column of G. If Cj is
fake and heavier, then y is the j-th column of G multiplied by —1. Therefore, the coin weighing
problem can be solved using the balance r times, provided that no column of G is the zero vector,
and v # +u for any two columns of G. In short no two columns of G are linearly dependent. We
have already seen that the largest subset of 5 with the property that no two elements of S are
linearly dependent is the set S above of size (3" —1)/2. However, the matrix H above does not have
the property that each row sum of H is zero (which reflects the fact that we need to put an equal
number of coins on each pan of the balance). A simple exercise shows that removing the column
(0,...,0,1) from H gives a r x (3" — 3)/2 matrix G all whose row sums are zero. The property of
H that no two columns are dependent is not disturbed. Thus the minimum number of uses of the
balance for n coins is the least integer r such that (3" —3)/2 > n, i.e. r = [(2n+ 3)]. For example
if n =12 then r = 3.

Note that the optimality consideration in both problems forces linear algebra over F3 into the
picture.
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5. ASSIGNMENT 2
(1) Show that the matrix H has all row sums zero, except the last row which has row sum 1.
(2) Show that the repetition code of length 2¢ + 1 above is a perfect code when ¢ = 2.
(3) Show that the minimum distance of a perfect code is an odd integer.
(4) Show that in every linear code over Fs, either all codewords have even Hamming weight or
exactly half of the codewords have even Hamming weight. The Hamming weight of a vector
is its distance from the zero vector. (Hint : Let C C F5. Consider the linear map Fy — Fy

given by x — x1 + 29 + -+ + x,.)

(5) Given a word = € F" where |F| = ¢, what is the average distance of a word y from = 7
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6. LINEAR CODES -1

For linear codes the alphabet F is a finite field. A finite field is any field whose size ¢ is finite.
As we show below, the size of such a field is always of the form ¢ = p™ where p is a prime number
and m is a positive integer. It can be shown that for each prime power integer ¢ there is (up to
isomorphism) only one field of size ¢. Such a field is denoted F,.

A linear code C'is a linear subspace of the vector space IF’q“. If 0 < k < n is the dimension of C
as a vector space over F,, then C has size ¢": this is because if 51, ce l;k is a basis for the vector
space C, then the map IF’; — C given (ay,...,a;) — a1by + ... axbg is a vector space isomorphism.

In particular, the rate of a linear code is loqu‘C‘ =k/n.

For x € F}; let wt(z) denote the number of nonzero entries of x. Note that d(x,y) = wt(z — y).
We also note that

Therefore
de =min{wt(z —y) : 2,y € C,z # y} = min{wt(z) : 2 € C'\ {0}}.

6.1. Finite Fields-I. Let n be a positive integer. Recall that for integers m,n the division with
remainder of m by n consists of writing m = qn 4+ r for a unique 0 < r < n — 1. Partition the set of
integers Z into n parts Z = Ao [[ A1 ][ ][ An—1 where A; consists of those integers which leave
a remainder ¢ when divided by n. There are natural operations + and - on the set {Ao,..., A,_1}.
If x € A; and y € A; then z +y € A, and zy € A, for unique k, ¢ which do not depend on which
elements z of A; and y of A; are chosen. In this way we can define A; + A; and A, - A;. Clearly

Thus {Ag, ..., A, 1} is an abelian group with respect to +. Also
AlA]:AJAZ, (AZA])Ak:Az(AJAk>, AlAle“

and

Thus {Ay, ..., A,_1} with the operations of +, - is a commutative ring. We usually just denote
A; as i mod n and the set (or ring) {Ao, ..., An_1} is denoted Z/nZ, the ring of integers mod n.
If j # 0 mod n, then the function f; : Z/nZ — Z/nZ defined by  mod n — jz mod n is a group
homomorphism of the group (Z/nZ,+). If j mod n has a multiplicative inverse j' mod n then
we note that f; is surjective (because z mod n = f;(j’z mod n). Conversely, if f; is surjective,
then we note that the element j' modn such that f;(j') = 1 mod n is a multiplicative inverse of
j mod n. Since the set Z/nZ is finite, the map f; is surjective if and only if it is injective. More-
over, f; is injective if and only if the kernel of the homomorphism f; is {0 mod n}. The kernel
consists of those z mod n for which jz = 0 mod n. If m = n/ged{j,n} then, it is clear that
the ker(f;) = {0,m,2m, ..., (ged{j,n} — 1)m}. In particular f; is injective and hence j mod n
has a multiplicative inverse if and only if j is relatively prime to n. We recall that the number
#{1 < j < n: jisrelatively prime to n } is denoted by the symbol ¢(n) and the function ¢ is
called the Euler ¢ function or sometimes the totient function.
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The condition for Z/nZ to be a field is that each j mod n except 0 mod n must have a multi-
plicative inverse. In other words each 1 < j < n—1 must be relatively prime to n. This is the case if
and only if n is a prime number. When n is a prime number p we will also denote the field Z/pZ as IF,,.

Now suppose F'is a field which has a finite number of elements. Let 1z denote the multiplicative
identity of F' and consider the function from ¢ : Z — F defined by ¢(n) = 1p + -+ 4+ 1p (n times)
when n is positive, and in case n is negative we define 1(n) = —ui(|n|). It is easy to check that 1 is
a ring homomorphism from (Z, +1) to (F,+), that is «(z + y) = o(x) + 2(y) and (xy) = 2(x) - 1(y).
It is well known that any subgroup of (Z,+) is of the form mZ for some m € {0,1,2,...}. Also
m # 0 for otherwise ¢+ will be injective, contradicting the finiteness of F. Suppose 1 < d < m is a
divisor of m, then u(d),(md) are both nonzero (because m is the least positive integer for which
1(m) = Op). However u(d) - «(m/d) = Op. Since the product of two nonzero elements of a field is
never 0, it follows that no such divisor d exists, i.e. m is a prime number p. We also note that the
homomorphism ¢ also induces injective field homomorphism of F, = Z/pZ into F. In other words
the subfield of F generated by O and 1p is IF,,. This is called the prime subfield of F.

Thinking of (F,+1) as an abelian group, and the field F,, C F as scalars, we may view the oper-
ation y — xy (as defined in the field F) as multiplying elements y of (F, +) by scalars x € F,. This
scalar multiplication satisfies the conditions required for a IF,, vector space structure of the abelian
group (F, +):

g, - y=vy, 2-(y+z2)=z-y+z-z (z+2) y=z-y+2" -y, (va) - y=a-(a"-y).
Therefore IF is a vector space over IF,,. Suppose there exists a set of m linearly independent elements
of F over I, then, as noted above the span of this set has size p™. In particular m <log, |F|, and
hence [ is finite dimensional as a vector space over IF,. Let k be this dimension. As above, the
size F is p¥. This establishes that the size of a finite field F is p* for a unique prime p and natural

number k, and IF, is the prime subfield of F. The prime p is also called the characteristic of the
field F.

6.2. Linear Codes continued. Let C C ]Fg be a linear code of dimension k. Let G be a k X n
matrix whose rows from a basis for C'. Such a matrix is called a generator matriz for the code C.

Any other generator matrix of C' is of the form PG where P is an invertible k x k& matrix over

F,. (see HW).

Since the rows of G are linearly independent (by definition of ), it follows that G has full rank
k. By rank-nullity theorem the kernel or null space of G is a n — k dimensional subspace of Fy.
This subspace of F' (when regarded as a code) is called the dual code of C' and denoted as C*.
Note that C* depends only on C' and not the choice of the generator matrix G.

If His a (n — k) x n matrix whose rows form a basis for C* (i.e. H is a generator matrix for
C%) then H has rank n — k and hence nullity k. Since C' C ker(H) it follows that C' = ker(H). In
general for a k-dimensional linear code C' C Fyy, any (n—k) x n matrix H of rank n—k whose kernel
is C, is called a parity check matrix of C'. As before, if H, H' are parity check matrices of C', then
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H' = QH for some invertible (n — k) x (n — k) matrix Q. Often, linear codes are presented by parity
check matrices instead of generator matrices. For example, the Hamming codes in the previous
section. Also, the [8, 7]a ASCII code has parity check [1111111|1] and the [10,9];; (extended) ISBN
code has parity check [123456789|10].

We have seen in Lemma (1| that the distance of a word z € IFZ from a linear code C C IFZ can be
expressed in terms of a parity check matrix H of C.

(4) syn:Fl — F;~*  defined by syn(z) = Hz.

The vector Hx € ]Fg_k is called the syndrome of x. The distance of = from C'is the smallest integer
j such that Hz can be expressed as a linear combination of 7 columns of H. Since the linear map
syn above is surjective, we get a characterization of the covering radius p(C) in terms of H :

Lemma 2. Let C C Fy be a k-dimensional linear code with parity check matriz H. The covering

radius p(C') is the least integer j such that every vector of Iﬁ‘g’k is in the span of some (variable set
of ) j columns of H.

We now characterize the minimum distance d¢ in terms of the parity check matrix H :
Lemma 3. d(C) — 1 =max{j: any j columns of H are linearly independent}.

Proof. Let A denote the right side of the above equation. There exist some j columns of H which
are linearly dependent if and only if there is a codeword x € C' of weight at most j. (This is because
a relation of linear dependence in the columns of H looks like Hx = 0 i.e. x is a codeword). Thus,
every set of j columns of H is linearly independent if and only if there is no codeword of weight
at most j. This is equivalent to d(C') > j. Thus A is the largest j satisfying d(C') > j which is
d(C) — 1. O

The ¢g-ary Hamming codes. For a finite field IF; and an integer r > 2, the Hamming code is a
linear code of length (¢" —1)/(¢ — 1) and dimension (¢" — 1)/(q — 1) — r. It is defined by a parity
check matrix H of size r x (¢" — 1)/(q — 1) constructed as follows: Let S C F; be the set of all
non-zero vectors whose first non-zero entry is 1. We may decompose

S=50S5I0---115,,

where S; is the subset of S consisting of vectors whose first nonzero entry occurs in the i-place.
Clearly |S;] = ¢" " and hence |S|=1+q¢+--+q¢ ' =(¢"—1)/(¢g—1).

We may also view S as the set of of one-dimensional subspaces of F;. On the set Fy \ {0} of
size ¢" — 1, put an equivalence relation v ~ w if and only if w is a nonzero scalar multiple of v
(equivalently v and w generate the same one dimensional subspace of 7). Clearly each equivalence
class has size (¢ — 1). Thus the set of equivalence classes has size (¢" — 1)/(¢ — 1). Also each
equivalence class has a unique representative in the set S. The columns of H are taken to be some
ordering of the set S.

Note that any two columns of H are independent, but given any two columns there is a third
column which is a linear combination of the first two. Thus de = 3 by Lemma [3, and pc = 1 by
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Lemma 2| In this case the packing radius |(d(C) — 1)/2] equals the covering radius p(C) (which
are both equal to 1). Thus the Hamming codes are perfect codes. We summarize:

Proposition 4. The [(¢" —1)/(¢—1),(¢" —1)/(¢ — 1) — ], Hamming code has minimum distance
3, covering radius 1 and is a perfect code.

The dual C* of the Hamming codes are called the simpler codes. They have the interesting
property that all nonzero codewords of C* have the same weight ¢"~!. (See HW)
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7. ASSIGNMENT 3
(1) Verify that the function 2 : Z — F respects addition and multiplication.
(2) Let G be a subgroup of the additive group (Z,+). If G # {0}, let n be the least positive

member of G. Show that G = nZ. Thus every subgroup of (Z,+) is of the form nZ for
some n € {0,1,2,...}.

(3) Prove that ¢(n) = n[],, (1 —p~").

(4) Let C be the g-ary Hamming code of length (¢"—1)/(¢—1) and dimension (¢"—1)/(g—1)—r.

Show that every nonzero codeword of the dual code C* has the same weight ¢"~*.

(5) Let C be an [n, ¢"], linear code with generator matrix G. If G does not have a column of
0’s, then the prove that the average weight of a codeword of C'is n(1 — ¢ 1).

(6) * Let C' C Fy be a k-dimensional linear code with a generator matrix G. Show that d¢ is
the largest integer j such that every k x (n — j + 1) sub-matrix of G has rank k.
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8. HAMMING ISOMETRIES

For any set S, the set Perm(S) of bijections of S is a group with respect to composition of
functions. The identity element is the transformation id : S — S defined by id(s) = s for all s € S.
For f € Perm(S), the set theoretic inverse function f~! is the inverse in the group Perm(S). If S is
a metric space with metric d : S x S — R, then the subset of Perm(S) defined as Isom(S) = {f €
Perm(S) : d(f(z), f(y)) = d(z,y)} is easily seen to be a subgroup of Perm(S):

(1) clearly id : S — S is in Isom(S),
(2) if f is an isometry and z,y € S, let v = f(z) and v = f(y) and let ¢ = f~'. Since
f € Isom(S), we have:

d(z,y) = d(f(2), f(y)) = d(u,v) = d(g(2), g(y)),
which shows that g = f~! € Isom(S).
(3) if f,h € Isom(S), then
d(f(h(x)), f(h(y))) = d(h(z), h(y)) = d(z,y),
which shows that f o h € Isom(S).
This completes the verification of Isom(S) being a subgroup of Perm(sS).

Let F be any alphabet and consider the space F" with the Hamming metric. Some elements of
Isom(F™) are easy to find.

e For 0 € Perm{1,...,n}, the transformation

Ty (21, ., 2Ty) — (xg(1),.~,$a(n))7

is an isometry. This is because d(z, y) being the number of coordinates in which = and y differ
does not depend on the ordering of the coordinates. Note that ¢ — T, is an injective group
homomorphism from Perm{1,...,n} — Isom(F"), and hence {7, : o0 € Perm{1,...,n}} is
a copy of Perm{1,...,n} in Isom(F")

o If6y,...,0, € Perm(F), let 0 denote the n-tuple (01,...,0,). The transformation

T§ : (1'17 s 7$n) = (01(371)7 ce aen(xn))a

is an isometry. This is because if 2’ = Ty(x) and 3y’ = Ty(y) then x and y agree in the i-th
coordinate if and only if 2’ and vy’ agree in the i-th coordinate. We note that 0 — Ty is an
injective group homomorphism from direct product Perm(F) x - - - x Perm(F) to Isom(F™),
and hence {Ty : 6 € Perm(F) x --- x Perm(F)} is a copy of Perm(F) x --- x Perm(F) in
Isom(F™).

e Since Isom(F™") is a group, we can compose the above two examples: for o € Perm{1,...,n}
and 0§ as above, the composition T, 5= Ty015 is an isometry.

Ta;§ : (.rl, c ,xn) — (91(330(1)), .. ,Qn(xg(n))).

Let G C Isom(F™") consist of all such transformations 7, ;. We now check that G is a subgroup of
Isom(F™). First, we note that

(5) T, 0 Tgo To_l = Tg, where 9_7 = («90(1), e ,Qg(n)).

(1) Clearly id : F* — F" is in G because id = T 5 for 0 =id : {1,...,n} — {1,...,n} and
6p=--=0,=1id: F = F.
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(2) let o,7 € Perm{l,...,n} and let 6y,...,0,,51,...,5, € Perm(F). We will show that
Ta,§O TT,E = Too-rﬁoﬁ’ where 5/ = (ﬁg(l), Ce 760(n))5

T,50T z=Tg0T,0Tz0T, =Tyo (T, o Tso Ty-1) 0 Toor = Gog © Loor = T(aor),(§oﬁf)v

(3) If we take 7 and B above tobe 7 =o' and § = (9;_11(1), o 79;—11(71))7 we see that Tz = Ta_el

Theorem 5. The subgroup G of Isom(F™) above is the whole group Isom(F™). In other words
Isom(F") = {7, ; : o € Perm{1,...,n}, § € Perm(F) x - - x Perm(F)}.

We postpone the proof of this theorem to discuss the linear case which is a bit simpler. Let 7 =T,
and we now consider the group of linear Hamming-isometries of Fyy, the subgroup of Isom(IF}') which
are of the form « — M for some M € GL,(F,) (the group of n X n invertible matrices with entries
from ;). Recall we are writing elements of Fy as row vectors here. For o € Perm{1,...,n} we
note that

TO-QL' = :L'Po-, where (Pa)ij = 51’0(2‘),
and hence T,’s are linear. The permutation matrix P, is obtained by permuting the columns
of the n x n identity matrix by the permutation o, i.e. the j-th column of P, is the o(j)-th
column of the identity matrix. Note that ¢ — P, is an injective group homomorphism from
Perm{1,...,n} = GL,(F,), and hence {P, : 0 € Perm{1,...,n}} is a copy of Perm{1,...,n} in
GL,(F,).

The transformation Ty is linear if and only if each 6; € Perm(IF,) is a linear bijection of F,. To
see this let ey, ... e, be the standard basis of Fy given by the columns of the n x n identity matrix.
Since

(91(0)’ s 79j—1(0)7 9j<c)7 9j+1(0)7 s 7971(0)) = Tg(cej) = CT§(ej) = C(Ql(O)a s 79]'—1(0)7 ej(l)v 9j+1(0)’ s

Taking ¢ = 0, we get 6;(0) = 0 for all 4. Next, taking ¢ = 1, we get 0;(c) = c\; where \; = 0;(1).
This shows that T;o = 2Dy for a diagonal matrix Dy = diag(Aq, ..., A,) where Aq,..., A, € F,\{0}.
We denote T by T5. The composition T, 5 = T o T;, can be written as

mel’ = ZEM, where Mij = )‘iéi,a(i)'

We can also write M = F,D5. A n x n monomial matriz is a product P, - Dy of a permutation
matrix and an invertible diagonal matrix. The equation shows that the set n X n monomial
matrices Mon,, (F,) is a subgroup of GL,(F,).

Theorem 6. The group of linear Hamming isometries of Fy is the group Mon,(Fy) of n x n
monomial matrices.

Proof. Let ¢ be a linear isometry of F. Note that wt(p(r)) = wt(x) for any vector x € Fy. In
particular p(e;) = Aje; for some \; € F, \ {0} and some j" € {1,...,n}. For i # j we have

2 =wt(e; —e;) = wt(w(e; — €5)) = wt(Nieg — Aje)).

If ey = ej then the last quantity in the equation above would be at most 1. Therefore e] # €’ if
i # j. Thus there exists 0 € Perm{1,...,n} such that e;; = e,(;). We now have

p(r) = 0> zie)) =Y zi0(e;) = > zidieoy = Y To1j)Ao-1(€j = TM,
j=1 j=1 Jj=1

=1
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where M is the monomial matrix PrDz = D5P; wherer = o~ land 3; = As-1(j)- This completes
the proof that any linear Hamming isometry of Fy is a monomial transformation. U

Proof. (Proof of Theorem [5) We may assume F = Z/qZ. The weight of a word z € (Z/qZ)" will
denote the number of non-zero components of x. For each a € F the translations x — = + a are
permutations of F. For @ = (ay,...,a,) let T,(¥) = Z+ d. Given ¢ € Isom(F"), let (0) = a@. It
suffices to consider T, 0¢ instead of ¢. Thus we may assume o(0) = 0, and hence wt(p(z)) = wt(z)
forallz € F". We now proceed as above: since ¢ permutes the set of weight 1 words, let p(e;) = Ajex
and @(e;) = Ajej, where @ # j and A\, A; # 0. Since d(e;, e;) = 2 = d(Ney, A\jej) = d(ey, ej) it
follows that ¢ # j'. Thus there is a 0 € Perm{1,...,n} such that /' = (i) for all i. Next we note
that for ¢ # 1, we have d(ce;,e;) = 1 = d(p(ce;), exs)) and @(ce;) is also a weight 1 word. This
forces ¢(ce;) = c'es(;). For ¢ # a, the fact that d(ce;,ae;) = 1 = d(c'ey(), d'eq()) = 1 — 0qr, forces
©(ce;) = 0;(c)eq(s for some element §; € Perm(F). Let ¢ = T,-1 0 Ty € G. Note that 1~ '¢ fixes
each weight 1 word. In order to show that ¢ € G, it suffices to show that ¥ "1p € G. Therefore,
we may assume that ¢ itself fixes each weight 1 word. We leave it as an exercise (See HW) to show
that ¢ must then fix all words, i.e. ¢ is the trivial element of G. U

(optional) Structure of the group Isom(F").
If A is a group with disjoint subgroups B and C satisfying the following two conditions:

(1) the function B x C' — A given by (b, c) — bc is surjective
(2) for each b € B and ¢ € C the product beb~! € C' (i.e. B normalizes C)

then A is called the internal semi-direct product of its subgroups B and C', and denoted A = C'x B.

Taking A = Isom(F"), B = Perm{1,...,n} and C' = Perm(F) X --- x Perm(F), the condition
1) above as verified in the proof of Theorem [5] and the condition 2) was verified in (f]). Thus,

Isom(F") = (Perm(F) x - -+ x Perm(F)) x Perm{1,...,n},

is the internal semi-direct product of its subgroups Perm{1,...,n} and Perm(F) x --- x Perm(F).
Similarly,

Mon,(F,) = D,, x Perm{1,...,n},
is the internal semi-direct product of its subgroups Perm{1,... ,n} and F* x --- x F (the group
of diagonal matrices D,,).

The structure of the isometry group can also be stated concisely using the notion of wreath product
of two groups. Isom(F") = Perm(F) wr S, and similarly Mon,,(F,) = F) wr S,,.
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9. ASSIGNMENT 4

(1) Suppose F = Z/qZ, and ¢ € Isom(F") fixes each weight 1 word, then show that ¢ fixes
every word of F".

(2) Suppose C' C Fy is a k-dimensional linear code with generator matrix G = [Ii|Apx(n-1)]-
Show that H = [—A"|I,_x] is a parity check matrix for C. Here I}, denotes the k X k identity
matrix.

(3) We say two linear codes C,C" C Fy are monomially equivalent if there is a M € Mon,,(IF,)
such that C" = {cM : c € C'}. In case M is a permutation matrix, we say C,C" are permu-
tation equivalent.

Show that upto permutation equivalence I(i.e. replacing C' by CP where Pisan xn
permutation matrix) every k-dimensional linear code C' C Fy has a generator matrix of the
form G' = [I;|Apxn-r)]. Moreover, such a generator matrix is unique. In other words, there
exists a permutation matrix P such that GP is of the form GP = [I;|A]. Show that C has
parity check matrix [—A*|I,,_x]P.

(4) Let A be an invertible n x n matrix over a field K. (We also say A € GL,(K) ). Let
At = (AN ™! = (A71)! denote the inverse transpose of A. Show that A — A~' is an auto-
morphism (an invertible homomorphism) of G L, (K).

(5) Let C' C F} be a k-dimensional linear code. The linear automorphism group if C' is
MAut(C) = {M € Mon,,(F,) : ¢cM € C for all c € C'}.
Show that the inverse-transpose automorphism of GL,(F,) carries MAut(C) to MAut(C*+)
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10. Quiz 1

In this quiz, C' denotes a [n, M, d], code, i.e. C'is a subset of F" of size M and minimum distance
d. The alphabet F has size q.

(1) (5 points) Suppose we receive a word x € F" which equals a codeword of C' but for the fact
that e of the components of = are erased or not readable. There are no other errors. (This
is called an erasure communication channel). What is the maximum value of e so that the
actual codeword x can be accurately determined 7
Ans: The maximum value of e is d — 1. Suppose z is received with e components unreadable
and there being no errors in the remaining n — e co-ordinates. Let these n — e coordinates
be indexed by I C {1,...,n}. We want that there should be no y € C with z; = y.
This is guaranteed if e < d — 1 (because no two codewords can agree in more than n — d
positions). Conversely, taking a pair of codewords x,y at a distance of d apart and taking
I C {i:x; =y}, we see that any e > d will not have this guarantee.

(2) (5 points) Suppose F = F,, M = ¢* and C is linear with generator matrix G. If exactly r
of the columns of G are 0 € F’;, then determine the average weight of a codeword of C'.
Ans: Done in class. The answer is (n —r)(1 — ¢ 1).

(3) (6 points) (note C' is not assumed to be linear in parts a), ¢) below)
(a) Suppose C' is perfect and ¢ is a prime, then show that M is a power of gq.

(b) Let r and s be positive integers. Show that for a prime number p the number p" — 1
divides p® — 1 if and only if r divides s.

(c) Suppose C'is perfect and ¢ is a prime power, then show that M is a power of q.
Ans: a) For a perfect code M divides ¢". If ¢ is prime, it follows that M is a prime power.

b) Using division with remainder, we write s = ar + b with 0 < b < r — 1. It is easy to
see that . , \
P =05 + B
is an integer if and only if b = 0 i.e. r divides s.
c¢) Now suppose ¢ = p". We have MV, (n;r) = ¢" = p™. Therefore, V,(n,r) = p* for some
s. It suffices to show that r divides s, because it then follows that both V,(n,r) and M are
powers of ¢. Since

Vonir) —1=mn(g—1)+--+ ((d_q)m) (¢ — 1)-172,
is divisible by (¢ — 1) = p” — 1, it follows from part b) that r divides s.

(4) (4 points) Suppose the Singleton bound is achieved by C, i.e. M = ¢" ¢l Suppose
F =T, and C is a k-dimensional linear code with a parity check matrix H. Show that all
(n — k) x (n — k) submatrices of H are invertible.
Ans: see next section
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11. LINEAR MDS CODES

We recall that the notation C'is a [n, M, d], code means that C' C F" has size M and minimum

distance d, and the alphabet has size q. We also recall the Singleton bound which states that any
[n, M, d], code satisfies M < ¢g"~ o1,

An [n,M,d], code C is called Maximum Distance Separable ( in short MDS ), if the Singleton
bound is achieved for C, i.e. M = ¢"~9*!. Linear MDS codes are particularly interesting

Theorem. Let C C Ty be a k-dimensional linear code. TFAE
(1) d(C)=n—k+1
(2) all k x k minors of a generator matriz of C' are non-zero
(3) all (n — k) x (n — k) minors of a parity check matriz of C' are non-zero
(4) d(CH) =k +1
Any of these equivalent conditions characterizes linear MDS codes.

n=d+l i5 equivalent to k¥ = n — d + 1 which is the

Proof. Equality in the Singleton bound M = ¢
condition 1) above.

1) & 3): Let H be a parity check matrix for C. We recall from Lemma 3| that d(C) — 1 =
max{j : any j columns of H are linearly independent}. Therefore condition 3) is equivalent to

dc — 1 =n — k which is condition 1).

1) & 2): Let G be a generator matrix G of C. There exists a zero k x k minor of G if and
only if there exists a non-zero codeword having zero entries on the k coordinates indexed by the
columns of the minor concerned (i.e. a codeword of weight at most n— k). This is turn is equivalent
to do < n —k + 1, i.e. inequality holding in the Singleton bound. Therefore the condition 2) is
equivalent to the condition 1). Applying this to C* we conclude that the condition 3) is equivalent
to the condition 4)

4) & 2) and 4) < 3): Since G is a parity check matrix for C* our proofs of 1) < 3) and 1) <
2) establishes 4) < 2) and 4) & 3). O

There are some MDS codes which are sometimes called trivial. They are non-linear but can also
be realized as linear codes when the alphabet is [F; :

(1) The whole space F" is a a [n,¢", 1], nonlinear MDS code.

(2) ii) the repetition code is a nonlinear [n, g,n] MDS code

(3) iii) the [n,¢"*,2], nonlinear code given by the encoding (Z/qZ)"* — (Z/qZ)™ given by
(x1,...,Tp1) = (T1,...,Tp_1,21+ -+ x,_1). Prove that this code has minimum distance
2 and is thus MDS.

If G is a k xn matrix which generates a linear k-dimensional MDS code C. Let B be the submatrix
of G on the first £ columns. Since all k£ x k& minors of G are non-zero, it follows in particular that
B is invertible. The matrix B~'G is row equivalent to G and is hence another generator matrix for
C. Thus, we may assume wlog that G has the form [I|A,_j] for some matrix A of size k x (n — k).

Lemma 7. The matriz G = [I;|A] generates an MDS code if and only if all j X j minors of A are
nonzero for j =1,... k.

This result is a corollary of the following Lemma:
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Lemma 8. Let || denote the equivalence class of x € F, under the equivalence relation x ~ —x on
F,. For the k x n matriz G = [Ix|A] consider the sets:

S ={|det(B)| : B is a k x k submatriz of G}.
S"={1]} U{|m]| : m is a j x j minor of A for some j € {1,...,k}}.
We claim S = 5'.
Proof. Let B be a k x k submatrix of the matrix. If B = I then |det(B)| = |1]. If B # I, let

j € {1,...,k} be the number of columns of B taken from A (with the remaining k — j columns
taken from I;). If Let ey, ..., e; denote the columns of I, and let e, ,..., e, be the columns of
I, which are not columns of B. We may assume 1 < py < --- < pu; < k. Let vy,...,v,_j denote
the columns of A. Let v,,,...,v,, be the list of columns of B taken from A. We may assume
1<y <---<v; <n—k. Expanding det(B), we see that +det(B) is the j x j minor of A on
columns vy, ...,v; and rows p, ..., u;. Clearly this establishes a bijective correspondence between
S and 5. O

11.1. Reed-Solomon Codes - 1.
Let z1,...,z, be a listing of the elements of F,. Let G be the k x (¢ + 1) matrix

1 1 . 1 0

T To ... 1z O

(6) G= : : : :
o2 k2 x’;_2 0

x’f‘l :13’2“_1 x’;” 1

A Reed-Solomon code of length n and dimension k is the code generated by a k x n submatrix
of G. In order to show that a Reed-Solomon code (or RS-code in short) is MDS, it suffices to show
that all £ x k& minors of G (and hence of G with some columns deleted) are nonzero. Consider
the polynomial V(Xy,...,X,,) € Z[ X, ..., X,,] (the ring of polynomials in m indeterminates with
integer coefficients) defined by

1 S |
X, Xy, ... X,

V(Xy,..., X)) = det : : - :
D D ¢ ¢/
Xt xget o xml

Lemma 9. V(Xl, e ,Xm) = Hi<j(Xj - Xz) m Z[Xl, e 7Xm]

Proof. Let K = Q(Xq,...,X,,—1) denote the field of rational functions in m — 1 indeterminates
X1,y X1 with Q coefficients. Let f,,,_; € K be the coefficient of X™1 in V(X,...,X,,) re-
garded as an element of K[X,,]. Just by expanding the determinant in the definition of V' (X, ..., X,,)
along the last column, it is clear that f,,_1 = V(Xy,..., X,,_1). From the elementary fact that a ma-
trix in which two columns are identical, has zero determinant, it follows that V (X,..., X,,_1, X;) is
the zero element of K for 1 <7 < m—1. In particular for 1 <7 < m—1 each X; viewed as an element
of Kis a root of V(Xj,...,X,,) viewed as an element of K[X,,] i.e. as a polynomial in X, with K-
coefficients. From that fact that a polynomial p(X) in one variable X over any field /' admits a € F
as a root if and only if X — a divides p(X), it follows that V(Xy,..., X;) = g, (Xm — Xi)
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for some element g € K. The coefficient of X™~! in this expression is precisely g. Therefore
9= fmo1=V(X1,...,Xpn_1). Since V (X1, X5) =det (g, §,) = (X2 — X1). It follows that

VX1, X)) = (H(Xm —~ Xi)> . ( I Xnoa - Xi)> ----- (H(X2 - Xi)> =[x - X))

<m <m—1 <2 1<j
0]
Returning to the matrix GG, we note that a k x k& minor of G either equals V(ay,...,a;) or
V(aq,...,ax_1) for distinct elements ay,...,a; € F,. It follows from the lemma above, that all

k x k& minors of G are nonzero.
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12. DISTANCE DISTRIBUTION OF A CODE

Let C be a [n, M, d], code. For an element x € C let
Ai(Cix) =4y € C = d(x,y) = i},

denote the number of codewords which are at a distance of 7 from z. These numbers can be collected
into a generating function

Wel(Z;x) = Z Ai(Csa) 7,
i=0

which may be viewed as an element of the polynomial ring Z[Z] or Q[Z]. We may average the
quantities A;(C;x) over all codewords = € C' to obtain the (rational) number

A(C) = £ 3 A(Csa),
xeC

and similarly the polynomial W¢(Z) € Q[Z] defined by
We(2) =Y Ai(C)Z'.
i=0

A code C'is called distance-invariant if A;(C;z) is independent of x € C. In this case A;(C) =
A;(C;x) for any x € C. Clearly, linear code are distance-invariant because A;(C;z) is independent
of x € C and equals the number of codewords of weight ¢. We will see that perfect codes and MDS
codes (neither assumed to be linear) are distance-invariant.

It will be useful to define some other quantities related to A;(C;z). Let I;,, denote the collection
of subsets of {1,...,n} that have size j. Any such a subset can be represented as an increasing
sequence 1 <i; < --- <i; < n. Let

A(Cyz, 1) =#{y € C:y; # z; if and only if j € I}.

We note that
Ai(Cix) = Z A(C;z,1).

I€lin
We also define:

B(Cia, 1) =4#{y € C:y; =x;if j € I},
and

Bi(C;x) = Z B(C;z,I).

[Efi,n

We take the convention that B(C;z,I) = |C] = M if I = (. In particular By(C;x) = M. The
quantities B;(C') are usually known in literature as the binomial moments of the code C'.

Proposition 10. The quantities (Ao(C;x), ..., A (C;x)) and (By(C;x), ..., B,(C;x)) are related
as

B, i(Ciz) = 3, (7)) AlC; )
(7) Ai(Ci2) = 3, Bao(Cra) (1) (07))
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Proof. Let X = {1,...,n}. Let J = X \ I. Let S; denote the set in right side of the definition of
B(C;x,J) above. Clearly
B(Csx,J) = |91 = > A(C;x, K),
KcI
and hence

Byi(Ciz)= Y Y AlCiax, K) = A(Cix, K)([g]) = 20 (7)) Aul(Ci)
I€l;n KCI K

This proves the identity expressing B,,_;(C;x) in terms of A;(C;z) for j < i. The other identity

A;(C;x) in terms of the B;(C;x) for j > n — i is a consequence of the first identity using the

inclusion-exclusion principle from Combinatorics. There are several variants of this principle for

example Lemma |11{ and Lemma |12]

In order to apply Lemma[l1] we take v,w € R"*! are given by ¥ = (B, (C;x),..., By(C;x)) and
W = (Ag(C;x),..., A, (C;z)) and rewrite the first identity in (7)) as ¢ = Pw. Lemma [11] gives the
second identity in @:

Ai(Cs2) = 32, Buo Ci) (1) (7).

To obtain this same result using Lemma [12] we take X = {1,...,n}, f(I) = A(C;z,I) and

fi(I) = B(C;z, X \I) to obtain:

(8) A(Cyz, 1) =) (-1 B(Cy2, X\ L)

LCI
Using (8) we get:
=Y Y (-1)MNB(C;2,B(Cix, X\L) =Y B(C;z,B(Ciz, X\L) Y  (-n"~
I€l; n LCI L {I:IDL,|I|=i}

This further simplifies to

ZBn£C$ 1) <zz)

O

Lemma 11. Let P be (n+1) x (n+1) lower triangular Pascal matriz whose ij-th entry is ("jlj j).

Since P is triangular with diagonal entries being 1, it follows that P is invertible. The ij-th entry
of P71 is just (—1)""7 times the ij-th entry of P.

Proof. Let V be the (n+ 1)-dimensional vector space of polynomials in one variable X of degree at
most n and real coefficients:

V=A{aw+uX+- - +a,X":ag,...,a, € R}.

The function 7" : V' — V given by T'(f(X)) = f(X + 1) is a linear transformation. The matrix of
T with respect to the basis {X™ X" ! ..., X 1} is clearly P. The inverse transformation 7! is
given by T7!(f(X)) = f(X —1). Since

(X o 1)n+17j — Xn+1fj o (Tl 4 1 — j)anj et (_1)n+1ij07

it follows that the ij-th entry of the matrix representing 7! is (—1)"*7 (”j_lj_J) O
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Lemma 12. Let X be a finite set, and 2% the power set of X. To each function f : 2% — R, we
define another function fT:2%X — R by

FIE) =Y f(L).

We can recover f from f1 by:

FE) =Y (=) (L)

LCK
Proof. Using the definition of fT the right hand side is:

SEDIHL) =Y (=DEEN ) =D ) YD (-

LCK LCK JCL JCK {L:KDLD>J}

Let K=K\ Jandlet L =L\ J. We have

)DRNCILEED WECE B G [CE

{L:KDLDJ} LCK =0
Since 0y || = 05k, We get:

S (=D)IEVHFL) =Y f()bsk = f(K)

LCK JCK

O

Recall that the distance enumerator polynomial We(Z;x) of a [n, M, d|, code with respect to a
codeword x € C was defined to be

We(Z;x) = Z Z¥@y) — ZAi(C;x)Zi
i=0

yeC

The next lemma allows us to describe this polynomial in terms of the quantities B;(C; x)

Lemma 13.

Z'We(1/Zyx) = 3 Bi(Cix) (Z - 1)
Z"We(1/2) = 3Ly Bi(C)(Z - 1)
(9) Wo(Z) = g Bai(C)(Z—1)12"
Proof. We will prove the first result. The second result follows from the first result by averaging over

all x € C. The third result is a restatement of the second result. For a polynomial f(Z) € R[Z] we
know that if f, = L& f(Z) then f(Z) =Y fi(Z—1)". Applying this to f(Z) = Z"W(1/Z) =

rldZ"|z=1
Yoo Ai(Chx) 2™, the quantities

fr= %%\Z:J(z) =2 i Ai(Cs ) (n;l) = B,(C;x)
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12.1. The distance distribution of (non-linear) MDS codes.

Let C be a [n,M,d], code. Let I € 1,411, i.e., I C {1,...,n} has size n —d + 1. Consider the
function 7r; : C — F" 4L given by f(z) = (..., 24,...) for i € I. This function is injective for
otherwise there will be a pair of distinct codewords z, y with d(z,y) < d. The function 7 is bijective
if and only if M = ¢"~9*! i.e. if and only if C' is MDS. Given J C {1,...,n}, if |J| <n—d+ 1,
then picking I € I,,_411 such that I D J and considering the function m; we see that for any z € C|
the set S; = {y € C : y;; = x;} has size ¢""77 = M/¢’. On the other hand if |J| > n —d+ 1,
then picking I € I,,_4,1 with I C J, and considering the function 7; we see that for any x € C| the
set Sy ={y € C:y; =z} equals {x} and hence has size 1. Hence we get

Theorem 14. For an [n, M,d], MDS code, we have B(C;z,I) = maz{M /¢!, 1}, which depends
only on the parameters n and d and not on x or the code C. Thus

Bi(C) = Bi(C;z) = () - maz{M/q',1}.
In particular
WelZ) =iy Bu-ilZ = 1) = 2" + 350 (Z = 1)'(}) (¢~ = 1),

The quantities A;(C) are given by Ao(C) =1 and fori > 0:

A(0) = () ZE 0 () 4= 1) = () (0= 1) S -1 ()0
Proof. We have already proved the assertion about B;(C). Using we get

A(Cr) = 32y Bao(Ci2) (=1) 7 (5)) = 32, () - max{g ™ (=1 (0 20).
This simplifies to

Ai((%;x) - Ee(_l)i_g(é) (1 + max{g" 1 = 1,0}) = 6,0 + Zézd(_l)i—é (z)<qe—d+1 —1).

The other form of A;(C;x) is left as a combinatorial exercise (see HW). Finally we note that
A;(C;z) = Ai(C) because B;(C;x) = B;(C) for all j. O
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13. THE MACWILLIAMS IDENTITIES FOR LINEAR CODES

Let C be a linear code of length n and dimension £k over IF,. The next Theorem due to Florence
Jessie MacWilliams (1963) shows that the knowledge of W (Z) allows to determine W1 (Z) and
vice-versa.

Theorem 15. (MacWilliams identities) . The following are equivalent:
(1) (Binomial moments form) B;(C*) = q¢" % B,_;(C).
(2) (Standard form)
Wei(Z) = AL

q

Z
1+ 1

1
(g— )Z)

Proof. Let Sy ={y e C:y; = 0}. If G is a generator matrix of C' and Gy is the k x |I| submatrix of
G on the columns indexed by I, then Sy is the kernel of the linear map IFZ > ]Flfl given by a — aGf.

Thus | S;| = gF~ G,
Let J ={1,...,n} \ I and consider
SHCH) = {y e C <y =0,
Since C+ = ker(G), we can rewrite this as
S;(CH) = {7 e FI': G177 = 0} = ker(Gy).
Thus |S;(C1)| = ¢!l Thus | we have shown that
[S1(C)] = ¢"1]55(C)]

Since B(C; 1) = |S;| we have shown that B(C; 1) = ¢*"MIB(C*; J). Summing over I € I;,, for
each j we get
Bi(C) = ¢ B,—(CY)
In order to prove the asserted relation between We(Z) and Wei(Z) we first recall (from (9))
that:
Y'"Wer (1/Y) = 3200 Bua(CH) (Y = 1)
Using the fact that B,_;(Ct) = ¢"*B;(C) we get

Y"Wei(1)Y) = ZB — 1) = 0N B(0) (3)
In terms of Z = 1/Y we get:
Wee(Z) = S22 Bi(C

Let T be defined by T'— 1 = qZ , so that the right side of the above equation is

=27 Z) W C(l/T) 1+(q 1 WC<1+%(I Zl) )
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m

qul q

As an application consider the problem of determining W (Z) for the | 14 q:ll_m, 3], linear

Hamming codes. Since we already know
Wer(Z) =1+ 27" (¢" = 1)

we can use MacWilliams identities to obtain:

m_q m

q e
1 1z -1 _ 1 1)z -1 m - _ m—t
Wel(Z) = (e qzn) - WCL(H%Q—Zl)Z) = (e qzn) : (1 " - 1)(1+%<1—Z1)2)q )

This simplifies to

qm—171
g=1)z) 7T
qm

We(Z) = 0 (+@-02)" " + (@ =1 -2)"")
For example, let C' be the linear [7,2%, 3], Hamming code. We get:
We(Z) = S22 (14 2) 4+ 7(1 — 2)*Y) = W22 (8 — 247 + 4877 — 242° + 87Y))

This simplifies to
We(Z)=1+T7(2*+ 2+ 27
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14. ASSIGNMENT 5

(1) Consider the matrix (

singular.

=
T O
[$A{0V] V]

5
3
1

[Sx{ero

> over F;. Check that every square submatrix of A is non-

(2) Prove that every 2-dimensional MDS code is monomially equivalent to a Reed-Solomon code.

(3) Show that a linear MDS code of length n and dimension k, with & > ¢ exists only if
n =k, k + 1. Describe these codes.

rove the other formula for A; or codes C' given in Theorem |1
4) P he other f la for A;(C') for MDS codes C' Th 4
et O C IF)t and Cy C 72 be |n1,q¢™, dq1], and |ne, "%, do|, linear codes. Let C' = C1 D Cy C
5) Let Cy CFy* and Cy C Fp2 b F1 dy], and R2 dy), i des. Let C = C1 & C
Fyr © Fp2. It is a(ki + ko)-dimensional linear code of length ny + ns.
(a) Show that do = min{dy, ds}.
(b) Show that We(Z) = We, (Z) - We, (Z).
(6) Let R denote either the field of real numbers or an arbitrary ring (your choice). Let V =
{f(X) € R[X] : deg(f) < n}. Note that V has a basis 1, X,..., X" Let D, : V — V be

the linear map (called the r-th Hasse derivative) defined on the basis elements by D, X" =
(™M) X™. If a € R show that

FX) =3 a (D )ix=a(X = a)f

(Just expand X* = (X — a + a)" in powers of (X — a))

QOO
oo
[ =J=]
[e=le) g

(7) Find the weight enumerator of the binary code whose generator matrix is (

(a) directly,
(b) by using the MacWilliams identity.

=
\_/

(8) Let C' C F} be a k-dimensional linear code. The code is being used over a communication
channel which corrupts a bit with probability ¢t where 0 < ¢ < 1. For ¢ € C, the probability
P(c is sent) = 1/¢" is the same for all ¢ € C. If a codeword c is sent and a word y is received,
consider the decoding scheme where the decoder returns y if y € C' and returns “error” if
y ¢ C. We say we have a decoding result if decoder does not return “error”. Prove that the
probability of decoding result is:

(1= )" Welgoa)-
(Hint: determine the conditional probability P(c is received | ¢ is sent) for ¢ € C'. )
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15. Quiz 2 (WITH ANSWERS) FEB 17

(1) (7 points) Let C be a [n, M,d], MDS code. Determine A4(C) and Ag41(C).
Ans: For any code C, the relation between B,,_; and A;’s for j <7 is easy to remember: it
follows from the definitions that for J C {1,...,n} of size n — ¢, we have B,,_;(C; J, z) =

-----

ani(c) = ngi A€<C) (?:f)-
For MDS codes C, we know B,(C) = (})M/q" for 0 < ¢ <n—d+1. Taking i =d,d+1 we
get
(1)6* = Bacar = Aaa(C) + Aa(O) (") + Ad(©) (41)
Since Ap(C) =1, we get Ay(C) = (¢ —1) (Z’) Using this, we get

A (C) = ()@ =D = (=D (Q)(n—d) = () [(¢> = 1) = (d+ 1) (g - )]

(2) (7 points) Show that a linear MDS code of length n and dimension k, with k > ¢ exists only
if n =k, k + 1. Describe the duals of these codes.
Ans: Suppose there exists an MDS code with k£ > ¢ and n > k 4+ 2. Then there exists such
an MDS code with n = k + 2. Let G = [I;|A] be a generator matrix for this code with all
1 x 1 and 2 x 2 minors of the k x 2 matrix A being non-zero. Suppose the columns of A
are (ay,...,a;) and (by,...,b;). Note that aj/bi,as/bs, ..., a; /by are distinct elements of
X because otherwise a minor of the form a;b; — a;b; will be zero. Since [Fy| = ¢ — 1 we
get k < g—1. This contradiction shows that there is no MDS code of length n > k+2if & > q.

If n =k then C*+ = {0} C F,. If n = k + 1, then C* is monomially equivalent to the
repetition code generated by 1 x (n 4 1) matrix [1,1...,1].

(3) (7 points) Let C' be the linear code over [Fy generated by the matrix G = [Is|u|v] where
ul =(0,0,1,1,1,1) and v* = (1,1,0,1,1,1).
(a) Determine We(Z) the weight enumerator polynomial of C'. You need not simplify your
answer.
(b) Determine the number of elements of C' of weight 2.

Ans: The parity check for C' and the generator matrix for C* is (% 193, Thus C* has 4
codewords with weights 0,5, 5,6. This gives

Wei(Z)=1+22°+ Z°
By Macwilliams identity

8
Wo(Z) = B (1+2(55)° + (52)°)

The coefficient of Z? in this polynomial is 7.
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16. MID-SEMESTER EXAM

Question 1
a) Prove that a linear code of length n and dimension & has covering radius at most n — k.
b) Let C' = {(f(z1),..., f(zn)) : f € F,[X],deg(f) < k — 1} be a Reed-Solomon code over F, of
length n and dimension k, where xy,...,x, are n distinct elements of F,. What is the distance of
the word u = (zf, 25, ..., 2%) from C?
¢) Determine the covering radius of the code C' in part b).

Question 2 Let C be a binary code with generator matrix

0
0
G= 1
0

o O = O
_ o O O
OO ==
—_ -0 o
— =

1
0
0
0

a) Decode (i.e. find a nearest codeword to) the following received words.

(1) (1101011)
(2) (0110111)
(3) (0111000)

b) Determine the covering radius of C.
c¢) Determine the minimum distance of C'.

Question 3 Consider the 3 x (¢4 2) matrix G below. Do there exist a, b, ¢ such that G generates
a linear MDS code of dimension 3 and length ¢ + 2 over F,. If yes then determine all such a, b, c.
(The answer will be different for even and odd characteristic).

a 01 1 ... 1
G=1b 0 0 T Tg—1
c 1 0 22 x2_

Here {z1,..., 241} = FX.

Question 4 For an integer m > 2, let C' be the Hamming code over Fy of length n and dimension
n—m where n = 2™ — 1. Recall that the minimum distance of C'is 3. Let A;(C') denote the number
of codewords of C' of Hamming weight .

a) Determine A3(C).
b) Determine (with full proof) A, (C).
c¢) Determine A,,_1(C), A,—2(C) and A,_3(C)

Answers:
Problem 1: a) We know that for a [n, k], linear code with parity check matrix H, the covering
radius is the least integer j such that any u € Fg_k is expressible as a linear combinations of some j
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columns of H. Since H has rank n — k, every u can be expressed as a linear combinations of n — k
columns of H. Thus the covering radius is at most n — k.

b) By part a) the distance of the given word u from C' is at most n — k. In case it is less than

n — k then, there is a codeword (f(xi),..., f(z,)) (where deg(f) < k — 1) such that (f(z1) —

ok ..., f(z,) — 2F) has more than k zeros. But then the polynomial X* — f(X) is a non-zero

polynomial with more roots than its degree, which is impossible. Thus the distance of u from the
code is exactly n — k.

c) by parts a) and b), the covering radius of C' is exactly n — k.

Problem 2: The parity check matrix is

1
H =0
1

—_ O =
_ = o
_ = o
oo
O = O
_ o O

The syndromes of the three received words are a) (0,0,0), b) (0,0,1) and ¢) (1,0, 1). The distance
of a received word « from the code is the least integer j such that the syndrome Hu can be expressed
as a linear combination of j columns of H. (In particular the distance is zero, i.e. @ € C' if and
only if Hu = 0). Thus

1) u is a codeword. it is decoded to itself.

2) d(u,C) =1 and u is decoded to the codeword u — e7.

3) d(u,C') =1 and u can be decoded to either u — e; or u — es.

b) and c) the covering radius p(C) = 2 and the minimum distance d(C) = 2. This can be read
from the matrix H using the characterization of these numbers in terms of H.

Problem 3: The minor on the first three columns is zero if and only if b = 0, therefore b # 0.
Also b — ax and cx — bx? are 3 x 3 minors of G for each x € Fy. If a # 0 then b — ax = 0 for
r = b/a. If ¢ # 0 then cx — bx? = 0 for x = ¢/b. Thus a = ¢ = 0. Using this we note that
b(z? — y?) are 3 x 3 minors for  # y. Since b # 0, this means x # —y for all pairs x # y in Fy.
If ¢ is odd we can take x = 1 = —y to conclude that there are no solutions (a,b,c). If ¢ is even
then = # y already implies  # —y because y = —y. Thus all vectors (0, b, 0) for b # 0 are solutions.

Problem 4: a) Codewords of weight 3 of the given code C are in bijective correspondence with
unordered triples of distinct columns of a parity check matrix H, such that the triple is linearly
dependent. For H we can take the matrix whose columns are all the nonzero vectors of FJ'. For
every pair of columns of H, there is a unique third column of H such that the triple is dependent.
Thus there are %(’2‘) = % such triples.

b) We must show that the sum S of all non-zero vectors (or equivalently all vectors) of F5* is the
zero vector. We do this by induction on m. Since m > 2, the base case is m = 2: in this case
S=(N+(§)+ 1) =1(5). Assume the result is true for 2 < m < ¢ — 1. When m = ¢, it is easy

to see that
— S(—1 - ~
S(£> - ( S(Z(] b ) ( 1,((2271)) ) - (25;2{11) > = 0
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¢) Suppose there is a codeword ¢ of Hamming weight n—j where j € {1,2,3}. Then 0 = Hc = S—5’,
where S is the sum of all columns of H, and S’ is a sum of some j columns of H. Since S = 0
as shown in part b), we get S’ = 0. This shows that codewords of weight n — j are in bijective
correspondence with codewords of weight j. Thus there are no codewords of weight n — 1,n — 2
and there are n(n — 1)/6 codewords of weight n — 3.
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17. FiNniTeE FiELDS -11

For any field F, the set of non-zero elements of F' denoted F'* is an abelian group with respect
to multiplication. For a finite field F, the group F is actually a cyclic group of order ¢ — 1. In fact
we will prove a stronger result:

Theorem 16. Let F' be an arbitrary field and let G be a finite subgroup of the multiplicative group
F*. The group G is cyclic.

Proof. Let n = |G|. It suffices to show that there exists an element of order n in G. Let
P(d) = #{g € G : order of g is d}.

Since the order of any element of G is a divisor d of n, we note that 3, ¢(d) = |G| = n.
Let C), denote the cyclic group of order n. It is an elementary exercise to show that

o(d)=H#{ge C,: orderof gisd} =#{j:1<j<d:ged(j,d) = 1}.
Again ), ¢(d) = |Cy| = n. Thus
> (6(d) —v(d) = 0.
din

Note that for ¢ € G, the order of g is a divisor of d if and only g is a root of the polynomial
f(X)=X9—1over F. Since F is a field, f(X) has at most d roots. In case there exists an element
g € G of order d, we note that f(X) = X¢—1 has exactly d roots given by (g) := {1,9,9%,...,9% 1 }:
the subgroup of G generated by g. Thus the set of elements of order d in G is the set of elemets of
order d in (g) which is ¢(d) because (g) is cyclic of order d. Thus ¥ (d) > 0 implies ¥ (d) = ¢(d).
In other words either ¢(d) = 0 or ¥(d) = ¢(d). It follows that each term in the left side of the
identity >, (¢(d) —¥(d)) = 0, is non-negative. Therefore, ¢(d) = ¢(d) for all d|n. In particular
¥(n) = ¢(n) > 0 as was to be shown. d

As an application, we have:
Lemma 17.
S = 0 Z:f(q—l)JfJ:
rEFX —1 Zf<q_1) |,7

Proof. Let S denotes the left hand side of this identity. Let g be a generator for the cyclic group
Fx. We have S = Z;}:_g ¢’*. Therefore

S(gj _ 1) — gj(qfl) —1=0,

because g9~' = 1. If (¢ — 1) {1 j then ¢ — 1 # 0 and hence S = 0. On the other hand if (¢ — 1) | j
then § =Y 0g" =31 i1 =qg—1=—1 B

A variant of the above lemma is as follows:

Lemma 18. Suppose 0 < m < q — 2 and following the convention that 0° =1 (in F,) we have:

(10) Sm=Y_ a"=0, 0<m<qg-2

z€lF,
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Since F is cyclic, we have 297t =1 for all x € Fy and hence 27 = x for all z € F,. This shows
that
(11) X' —X=][(X-2), inF,[X]
z€F,

Theorem 19. Suppose F' is a field of characteristic a prime number p. The function ¢ : F' — F
given by ¢(x) = xP is an injective homomorphism of fields. It is known as the Frobenius map. If F
is finite, then ¢ is an automorphism of F'. More generally, if im(¢) = F then ¢ is an automorphism.

Proof. Clearly ¢(xy) = ¢(x)p(y), (1) = 1 ¢(0) = 0. It remains to check that ¢p(z+y) = ¢(x)+o(y).

Since

p—1
dla+y) —o(z) —oy) = Y (D)aiyr,
i=1
our result follows by observing that for 1 <1i < p — 1, the integer (’Z’) = p!/(i!(p — 7)!) has p in the
numerator but not in the denominator. Thus (f) =0in F when 1 <i<p-—1. OJ

Theorem 20. Let p be a prime number. For each q which is a power of p, there exists a field F,
of size q which is unique upto isomorphism.

It will take some time to prove this theorem. First we consider the polynomial ring F[X] where
F is an arbitrary field. We will first explore some properties of F[X] using analogies with the ring
Z. So let R denote either of the rings Z or F[X]. In R we have

FEuclidean division with remainder. Given a,b € R with a # 0, we can write b = aq + r for
unique ¢, € R with the property that the ‘remainder’ r satisfies the condition: either » = 0 or
0 < size(r) < size(a).

Here the ‘size’ is defined on R\ 0 as |a| if R = Z, and if R = F[X] then 29 works as a size
function. We could use deg(a) itself as a size function, but the degree of a product is the sum of
the degrees, where as in Z the size of a product is the product of the sizes. Therefore, to maintain
uniformity between Z and F[X] we choose the exponent of deg (the base could be any positive
number for example 2). The Euclidean long division is still true with this definition of size.

We say ¢ € R is irreducible if ¢ cannot be written as ¢ = ab for any a, b of positive size. If ¢ is
reducible, then the size of the factors a,b of ¢ = ab is strictly less than the size of ¢. Therefore we
can always find a factorization ¢ = f{* f32 ... f% with f;’s irreducible and a; non-negative integers.

We will show that any ¢ can be uniquely factored as ¢ = uf{" f3* ... f where

e f;’s are i) positive irreducibles if R = Z, and ii) monic irreducibles if R = F[X] (recall that
g(X) is monic if the coefficient of the highest power of X in g(X) is 1).
o u € U — the set of units of R, i.e. those elements of R which have a multiplicative inverse.
We note that U = {£1} for R=7 and U = F* for R = F[X].
We note that for R = Z, F[X] the set of elements of size 1 is precisely the set of units U. To
establish uniqueness of factorizations, we first define a notion closely related to irreducibility: we
say an element a € R is prime if a|bc implies a|b or alc. Next we show that the two notions are
identical in R. Suppose a is prime and a = be. Then a|be and hence a divides one of b and ¢, say
b. Writing b = ab’ we get a(1 — V'c) = 0. Since a product of two non-zero elements in R (either Z
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or F'[X]) is non-zero, it follows that either @ = 0 or b'c = 1. Since a # 0, we must have ¢ € U (note
that U is preciesly the set of size 0 elements of R \ {0}), and hence a is irreducible. The reverse
direction that if a is irreducible, then it is prime requires a different idea :

Let S C R satisfying the following two properies

- S is closed with respect to addition,
-ifae Sandr € R then ar € S.

Such a subset S C R is called an ideal of R. Let d be an element of S of least size, then S = d - R.
To see this suppose there exists a € S with d t a, then writing a = dq + r with 0 < size(r) < d, it
follows that r € S contradicting the fact that no element of S has size smaller than the size of d.

Suppose a is irreducible and a|bc with a 1 b. Let S = {ax + by : z,y € R}. This is an ideal of
Rand hence S = dR for some d € R. Since a,b € S, we have d|a and d|b. Since a is irreducible, we
must have d = au or d = u for some unit u. Since d|b and a 1 b, it follows that d is a unit and hence
S =dR = R. In particular 1 € S. i.e. there exist x,y € R with ax + by = 1. Multiplying this with
¢, we get acx + be = c. Since albe, it follows that a|(acx + be) and hence alc.

Returning to the uniqueness of factorizations in R, suppose h = ulll_, f{" =’ szlg?j are two

factorizations into irreducibles of some h € R. Since f;’s are ireducible and f;|IT5_; g?j . It follows
that f;|g; for some j. Since g; is irreducible, it follows that {fi,..., f.} C {¢1,...,9s}. Arguing

similarly, we get {g1,...,9.} C {f1,..., fs}. It follows that r = s, {f1,..., fr} = {¢1,...,9s}, and
the corresponding exponents are identical, and u = u'.

We now recall the ring Z/nZ (integers mod n) where n is a positive integer. More generally, for
f € R\ {0}, let R/(f) be the set of equivalence classes of R under the equivalence relation, x ~ y
if f|(y — x). For x € R, we denote by [z] the class of  in R/(f). As a simple exercise check that
the operation [x] 4 [y] := [x + y]| and [z][y] := [ry] where z € [z] and y € [y], are independent of
the choices of z,y, and thus are well-defined. Thus R/(f) is itself is a ring the given addition and
multiplication. This is summarized by saying that the map from R — R/(f) taking z to its class
[z] is a ring homomorphism.

Lemma 21. If f € R is irreducible, then the ring R/(f) constructed above is a field.

Proof. We must show that any [g] # [0] has a multiplicative inverse [h] in R/(f). This is equivalent
to showing that if f t g then there exists h € R with gh = 1 + af for some a € R. This
follows from the fact (established above) that for f, g such that f is irreducible and f 1 g, the set
S={xf+yg:z,y € R} =R. O

Now, let K be a base field of size ¢ = p™ where p is a prime. A good example to keep in mind
is just m = 1 ie. Ky =F,. Let f(X) € Ky[X] is an irreducible polynomial of degree n, and let
K = Ky[X]/(f) be the field constructed above. Note that the map ¢ : Ky — K that takes a € K to
la] € K is an isomorphism of K onto a subfield of K. In this way we regard K as a subfield of K.
It is easy to check that the classes of 1, X, ..., X" ! (where n = deg(f)) span K as a vector space
over K and are also linearly independent over K. Thus the dimension of K over Ky is n. This
shows that K is a finite field of size ¢" containing K,. We will show that there always exists such
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an irreducible polynomial f(X) € Ky[X] for each natural number n, thus showing the existence of
fields of size ¢™ for each n.

Lemma 22. Let Ky C K = Ko[X]/(f) be as above, let § denote the class of X in K. We have
JX) = (X =0)(X =69 .. (X =67, in K[X]

Proof. Let ¢ : Ky — Kj be the automorphism ¢(z) = z%. (If ¢ = p™ then ¢ = ¢™). Let
f(X)=>""a; X" with a; € Ko. Since ¥(a;) = a;, we note that

0=1(0) = (f(0) = (> at’) =D a:((0))"

which shows that 1(6),12(0),13(0),... are roots of f € K[X]. There is a smallest positive integer
such that " (0) = 6. It follows from the fact that a?" = a for all @ € K, that )™ is the identity map
on K. Therefore r < n. The fact that ¢"(8) = 6 implies that 1" (a) = a for all a € K (because a
can be written as ag + a10 + a20? + ... a,_10"') and hence all the ¢" elements of K are roots of
X9 — X. This shows that r = n. O

Theorem 23. Let h(X) € Ko[X] be the polynomial X7 — X

- every irreducible factor f of h satisfies deg(f)|n.
- every irreducible g(X) € Ko[X] of degree d|n is a factor of h(X).

Proof. Let f € Ky[X] be an irreducible factor of h(X) of degree d. Let K = Ky[X]/(f) and let
# denote the class of X in K. Since f|h and f(X) = [[\2g(X — ¢(8)) in K[X] as proved in the
lemma above, it follows that 6 is a root of h, i.e. ¥"(0) = 6. We have noted in the previous lemma
that d is the least r such that ¢"(0) = 6. It follows that d|n.

Let g(X) € Ko[X] be irreducible of degree d|n. Since d|n, we know that X9 — X divides X¢" — X
in Ko[X]. Therefore, in order to show that g|h, it suffices to show that g|(X9" — X) in Ky[X]. Let
L = Ko[X]/(g). We note that X¢* — X = [[,..(X —a) in L[X], and g(X) = []7, (X — %(d)) in
L[X]. Therefore g|(X?" — X) in L[X]. It is easy to check that if a(X),b(X) are polynomials over a
field F', such that a(X)|b(X) in F'[X] for some extension field F” of F, then in fact a(X)[b(X) in
F[X]. Therefore, g| X" — X in Ky[X]. O

For an irreducible factor f(X) of h(X) € Ky[X] as above, we claim that the exponent of f in the
unique factorization of A(X) is 1. Suppose not. Then (X — 6)?|h(X) in K[X] where § denotes the
class of X in K = Ko[X]/(f). Writing h(X) = (X —0)?hy(X) in K[X], we note that the derivative

W (X) =2(X = 0)hy + (X — 0)*hy(X),

also has 6 as a root over K. However h'(X) = ¢"X7 ! — 1 = —1 has no roots over K. This
contradiction shows that f2 { h. We have now established that

X" - x =] 11 F(X)

dln {feKo[X]:f is monic irreducible of degree d}

Lemma 24.

Let aq denote the number of irreducible polynomials of degree d in Ko[X]. Tt follows from the

result above that
Z dad = qn.
din
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The Mobius inversion formula from Combinatorics/elementary number theory shows that

Theorem 25 (Gauss ).

nan = Z N(d)qn/d-
dln

Here the Mobius function p(d) is defined as follows. If d = p{*...p% is the prime factorization of
d, then p(d) = 0 if some a; > 1, and p(d) = (—1)" if all a; = 1. We also take pu(1) = 1. It remains to
show that a,, > 0. We write the right side of the above formula for na,, as A — B where A =) g
with d running over products of an even number of distinct prime factors of n and B = Y ¢"/¢
with d running over products of an odd number of distinct prime factors of n. Recall that the base
q representation of an integer m is of the form m = a9 + a1+ --- + a,¢" with 0 < a; < g—1. If
a, = 1 then m is strictly greater than any integer by + biqg + --- + b,_1¢"~*. In the case at hand
A=ay+aq+--+q*and B=0by+byg+---+b,_1¢"" (with a;’s and b;’s in {0, 1}) which shows
that A > B.

17.1. Uniqueness of finite fields upto isomorphism. Let K; and K, be fields of size ¢" contain-
ing Ky = F,. By the previous lemma, there does exist a monic irreducible polynomial f(X) € Ky[X]
of degree n and f(X)|(X?" —X). Since (X7 = X) = [],cx, (X —a) = [ e, (X —b), we know that
there exist roots o; € K; Consider the homomorphisms F[X]| — K; given by X +— «;. The kernel
of these homomorphisms is an ideal of F[X] and hence of the form ¢(X) - F[X] for some monic
g(X). Note g(X) # 1 because K; is finite. Since the irreducible polynomial f(X) is in the kernel
and g|f it follows that ¢ = f . The induced homorphisms F[X]/(f) — K; are then injective and
hence bijective (because both sides of the homomorphism have the same size ¢"). Thus K; and K5
are both isomorphic to F[X]/(f).
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18. DUALS OF REED-SOLOMON CODES

We now turn to study the duals of Reed-Solomon codes. Let
E-1\T
() = (Lz,...,x T) %fxe]Fq‘
(0,0,...,0,1) if r =00

For D an ordered subset (z1,...,z,) of F, U oo, we define the generalized Reed-Solomon code
(GRS code in short) of dimension k associated with the evaluation set D and column multipliers

—

A= (A1, A) € (FY)" to be the code generated by the matrix
Gr(D; X) = [Mck(z) | Aack(x2)] - - - | Ancr ()]
Recall that Reed-Solomon codes are exactly GRS codes satisfying X = (1,1,...,1).

Let us begin with RS codes of length g+1 and length ¢. If D has size ¢+1 (i.e. D = (21,...,Z411)
is an ordering of IF, U 0co) and A = 1 we denote the matrix Gi(D; \) as just

1 1 ... 1 0

T Tog ... 1z O

Gy = : : : :
b2 gk =2 0

b=t bt x’;_l 1

Lemma 26. For 1 < k < g we have Gy, - Ggﬂ_k = Opx(g4+1-k) and hence G-y is the parity check
matriz for the code generated by Gy. Thus the dual of the RS code of length (q+ 1) is a RS code of
length (¢ +1).

The dual of a k-dimensional RS code with evaluation set D = F, is a (¢ — k)-dimensional RS
code with evaluation set D = F,.

Proof. Let a;; denote the (ij)-th entry of Gy, - GqTka. Forl <i<kandl1<j<qg+1-k
we have 0 < i+j—2<¢g—1withi+j—2=¢—1if and only if (i,j) = (k,q+ 1 —k). If
(i,j):(k:,q—l—l—k:)thenaijzl%—zxequ*l:1—1:(). If (i,7) # (k,q+ 1 — k) then, by (10)
we have a;; = Sj1j—o =0 because 1 <i+j5—2<q—2.

Let M), be the matrix [ci(z1)]...|ck(zy)]. Let bi; denote the (ij)-th entry of MpM] ;. For
I1<i<kand1<j<qg—kwehave 0 <i+j—2<qg—2and hence b;; = S;; ;2 = 0 by . OJ
Theorem. The dual of the GRS code Cy (D, X) is the GRS code Cp_,(D, X') where
{1/ (Moep\{soa,p (75 — 7)) if 2 # 00

—1

N = ;=
3% = H if ©; = 00

Proof. Let a;; denote the (ij)-th entry of Gy (D; X) - Gni(D; X'). We must show that a;; = 0 for all
1<i<kand1l<j<n-—k First suppose co ¢ D. In this case we must show that

d =0, 0<m<n-2
j=1
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because a;; is the left side of this identity for m = (i + j — 2). It follows from the next lemma that

szzn:x;-”p,j H (X —xz;), 0<m<n-—1
j=1

1<i<n,i#j

In particular for 0 < m < n — 2, we note that the coefficient of X™™ ! in 0 on the left side, and
i1 Mz} on the right side. This shows that

Z,ujxgnzo, 0<m<n—2
j=1
as was to be shown. Taking m = n — 1, we also note for later use that
n—1
(12) 1= Zﬂjxj
j=1

We now turn to the case when co € D. If C' is a linear code with generator matrix G and
parity check matrix H, and M is a permutation matrix, then the code C’ generated by GM clearly
has parity check matrix HM: this follows by noting that a permutation matrix is orthogonal (i.e
MT = M~1), or simply by observing that the dot product of two row vectors v, w is unaffected
if we permute the coordinates of both v and w by the same permutation. Thus, we may suppose
that ¢« = n, i.e. z, = oo. Let ,uj_l = [lps(zj —2¢) for 1 < j <n—1and let y, = —1 From the

theorem about duality of RS codes when no x; is 0o, we know that the product Gx_1((z1,...,2,-1))"
Gn-1)—k-1) (@1, s Tn=1), (1, - - ,pin—1))T is zero. In long form this can be written as

n—1

Zujxﬁzo for 0</¢<n-—3.

j=1

Note especially that the above identity holds for all £ < n — 3. This means that the product

" S oo Grei((m1, .. 201) O] Gty (1o @)y (s ey pin—1))T
T __ k—1 1, y bn—1 . (n—1)—(k-1) 5 y b ) ) s M
Gr(T)Gni (T, )" = [ abt wﬁj 1 (0,...,0, tn)
equals

{ O(k—1)x (n—k) 1 ]

O1x (n—k—1) | n + Z;-:l Mﬂ?d
Since u, = —1, we have p, + Z;:ll ,ujx’]?_Q =0 by (for n — 1 points instead of n points). Since
G,—k(Z, [1) has the correct size (n — k) x n and rank (n — k), we conclude that it is a parity check
matrix for Ci(Z). O

Lemma 27. (Lagrange interpolation) Let K be an arbitrary field. If (x1,y1), ..., (Tn,yn) aren
points of K? with distinct x-coordinates, then there is a unique polynomial f(X) of degree at most
n — 1, with coefficients in K, such that f(z;) = y;.

Proof. Existence is given by the explicit formula f(X) = Z;;l y; E;(X) where

E;(X) ZHX_W

Xr; — X
ety It
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Note that each deg(£;(X)) = n — 1 and hence deg(f(X)) < n — 1. If g(X) is another polynomial

of degree at most n — 1 satisfying g(x;) = y;, then f(X) — g(X) has degree at most n — 1 and n
distinct roots, hence it is the zero polynomial. 0
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